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\^ . In this paper, the Conley conjecture, which were recently proved by Pranks and 

I Handel [FrHaj (for surfaces of positive genus), Kingston [Hi] (for tori) and Ginzburg 

I [Gij (for closed symplectically aspherical manifolds), is proved for C^-Hamiltonian sys- 
tems on the cotangent bundle of a C^-smooth compact manifold M without boundary, 

■ of a time 1-periodic C^-smooth Hamiltonian H : R x T*M ^ M. which is strongly 

^ ■ convex and has quadratic growth on the fibers. Namely, we show that such a Hamil- 



tonian system has an infinite sequence of contractible integral periodic solutions such 
that any one of them cannot be obtained from others by iterations. If H also satisfies 
H{—t,q,—p) = H{t,q,p) for any {t,q,p) S M x T*M, it is shown that the time-one 
map of the Hamiltonian system (if exists) has infinitely many periodic points siting 
in the zero section of T*M. If M is C^-smooth and dimM > 1, is of C*^ class 
and independent of time t, then for any r > the corresponding system has an in- 
finite sequence of contractible periodic solutions of periods of integral multiple of r 
such that any one of them cannot be obtained from others by iterations or rotations. 
These results are obtained by proving similar results for the Lagrangian system of 
the Fenchel transform of L : M x TM — > M, which is proved to be strongly convex 
and to have quadratic growth in the velocities yet. 
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1 Introduction and main results 

Recently, a remarkable progress in Symplectic geometry and Hamiltonian dynamics 
is that the Conley conjecture |Col ISaZej were proved by Franks and Handel [FrHaj 
(for surfaces of positive genus, also see |Le| for generalizations to Hamiltonian home- 
omorphisms), Hingston [Hij (for tori) and Ginzburg [Gij (for closed symplectically 
aspherical manifolds) . See [FrHal \Le\ IGij and references therein for a detailed history 
and related studies. 

In this paper we always assume that M is a n-dimensional, connected C^-smooth 
compact manifold without boundary without special statements. For a time 1-periodic 
C^-smooth Hamiltonian H '.Wx T*M M, let Xh be the Hamiltonian vector field of 
H with respect to the standard symplectic structure on T*M, cjcan := —dqAdp in local 
coordinates {q,p) oiT*M, that is, uj{XH{t,q,p),C) = -dH{t,q,p){C) G T(^q^p)T*M. 
Unlike the case of compact symplectic manifolds we only consider subharmonic solu- 
tions of the Hamiltonian equations 

x{t)=XH{t,x{t)) (1.1) 

for C^-smooth Hamiltonians H '.^ x T*M ^ ^ satisfying the following conditions 
(H1)-(H3): 

(HI) H{t+l,q,p) = H{t,q,p) for ah it,q,p) G M x T*M. 

In any local coordinates (gi, • • • ,qn), there exist constants < Ci < C2, depending 
on the local coordinates, such that 

(H2) Ci|u|2<^.. J^(t,g,p)n,u, <C2|u|2 Vu = (ni,--- ,n„) GM", 
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(H3) 



^{t,q,p) <C2{l + \p\), i;§-{t,q,p) <C2[l + \p\' 

A class of important examples of such Hamiltonians are Physical Hamiltonian (in- 
cluding 1-periodic potential and electromagnetic forces in time ) of the form 



H{t,q,p) = ^\\p- A{t,q)\\^ + V{t,q) 



:i.2) 



For C^-smooth Hamiltonians H : M x T*M M satisfying the conditions (Hl)- 
(H3), r > 2, by the inequality in the left side of the condition (H2), we can use the 
inverse Legendre transform to get a fiber-preserving C"'~^-diffeomorphism 



£.H ■■ K/Z X T*M - 
and a C^'-smooth function L 
L{t,q,v) 



i/Z xTM, {t,q,p)^{t,q,DpH{t,q,p)), (1.3) 
X TM M: 



max - H{t,q,p)} 

peTqM 

{p{t, q, v),v) - H{t, q,p{t, q, v)), (1.4) 



where p = p(t,q,v) is a unique point determined by the equality v = DpH{t,q,p). 
(See ([El Prop. 2. 1.6])). By ((LlD we have 

(LI) L{t + 1, q, v) = L{t, q, v) for all (t, q,v) eRx TM. 

It is easily checked that the corresponding L with the physical Hamiltonian in (II. 2p 
is given by 

L{t,q,v) = ^\\v\\^ + {A{t,q),v) - V{t,q). 
In Appendix we shall prove 

Proposition A. Under the condition (HI), (H2) is equivalent to the following (L2) 
plus the third inequality in (L3), and (H2) -|- (H3) (L2) + (L3). 

In any local coordinates {qi, - ■ ■ , qn), there exist constants < c < C, depending on 
the local coordinates, such that 

(L2) EiiaS7(i>9>^^K%- >c|u|2 Vu = (tfi,--- ,n„)EM-, 



(L3) 



dqidqj 



it,q,v) <C7(l + |t>| 



92 L 



it,q,v) <C{l + \v\), and 



it,q,v) 



< C. 



(One can also write these two conditions in the free coordinates, see [AbScj §2].) So 
Proposition A shows that the conditions (L2)-(L3) have the same properties as (H2)- 
(H3). (Note: we do not claim that the condition (H2) (resp. (H3)) is equivalent to 
(L2) (resp.(L3)).) By (L2), the Legendre transform produces the inverse of 2.h, 



£l ■■ K/Z X TM R/Z X T*M, (t, q, v) ^ {t, q, D^L{t, q, v)) 
and H and L are related by : 

H{t, q,p) = {p, v{t, q,p)) - L{t, q, v{t, q,p)), 



[1.5) 
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where v = v{t,q,p) is a unique point determined by the equality p = DyL(t,q,v). 
In this case, it is well-known that a curve M — > T*M, t x{t) = {-y{t),'y* (t)) is a 
solution of p.ip if and only if 7*(i) = DyL{t,^{t),^{t)) Vt G M and 7 is a solution of 
the Lagrangian system on M: 



in any local coordinates (gi, • • • , Qn)- 

Hence we only need to study the existence of infinitely many distinct integer 
periodic solutions of the system (jl.6p under the assumptions (L1)-(L3). To describe 
our results we introduce the following notations and notions. 

For any T > 0, each map in C(M/TZ, M) represent a homotopy class of free loops 
in M. As topological spaces C(M/rZ, M) and C(M/Z, M) are always homeomorphic. 
For a homotopy class a of free loops in M, denote by C{M/TZ, M; a) the subset of 
maps in C(M/TZ, M) representing a. For A; € N, if we view 7 G C(M/TZ, M; a) as a 
T-periodic map 7 : R — > M, it is also viewed as a /cT-periodic map from R to M and 
thus yields an element of C{M./kTZ, M), called the k-th iteration of 7 and denoted by 
7*^. This 7^^ G C{R/kT7j, M) represents a free homotopy class in M, denoted by . 
So 7^= G C(M/A;rZ,M;Q'=). Note also that topological spaces C{M./T'L,M;a) and 
C(M/Z,M;a) are always homeomorphic yet. For m G N let C'"(]R/TZ,M) denote 
the subset of all C^-loops 7 : R/TZ ^ M. 

A periodic map 7 : R — > M is called reversible (or even) if j{—t) = j{t) for any 
t gR. Note that such a map is always contractible! For 7 G C(R/TZ,M) we define 
rotations of 7 via s G M as maps s • 7 : R ^ M defined by s ■ j{t) = j{t + s) for t G R. 
Then s • 7 G C(R/rZ, M) and (s • 7)™ = s • 7"* for any s G R and m G N. We caU 



a T-periodic map tower (resp. T-periodic orbit tower) based on 7 (a T-periodic 
map from R to M). A Ti-periodic map tower {7™}meN (resp. Ti-periodic orbit tower 
{■5"7r}m«i^) based on a Ti-periodic map 71 : M ^ M is called distinct with {7'"}m6N 
(resp. {s ■ 7™}meN) if there is no T-periodic map (3 : M ^ M such that 7 = and 
71 = (3'^ for some p, g G N (resp. 7 = s • /J^ and 71 = s' • P'^ for some p,q £ N and 
s, s' G R). When 7 is contractible as a map from R/TZ to M, we call the T-periodic 
map tower {7™'}meN (resp. T-periodic orbit tower {s ■ 7™}^^) contractible. 

For T G N, if 7 : R ^ M is a r-periodic solution of (|1.6p . we call the set {7'"}meN 
a r-periodic solution tower of (jl.6p based on 7. Two periodic solution towers of 
p.6p are said to be distinct if they are distinct as periodic map towers. Furthermore, 
if s • 7 is also a r-periodic solution of (jl.6p for any s G R, (for example, in the case L is 
independent of t), we call {s ■ 7"^}^^ a r-periodic solution orbit tower of (|1.6p . 
When two periodic solution orbit towers are distinct as periodic orbit towers we call 
them distinct periodic solution orbit towers of ()1.6p based on 7. Clearly, the 
existence of infinitely many distinct integer periodic solution towers (resp. solution 
orbit towers) of (jl.6p implies that there exist an infinite sequence of integer periodic 




(1.6) 



the set 



(resp. {s ■ ) 
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solutions of (jl.6p such that each of them cannot be obtained from others by iterations 
(resp. iterations or rotations). The following is the first main result of this paper. 



Theorem 1.1 Let M be a C^-smooth compact n- dimensional manifold without bound- 
ary, and -smooth map L : M x TM M satisfy the conditions (L1)-(L3). Then: 

(i) Suppose that for a homotopy class a of free loops in M and an abelian group 

K the singular homology groups Hr{C{R/Z,M;a'');K) have nonzero ranks for 
some integer r > n and all A; G N. Then either for some I G N there exist 
infinitely many distinct I -periodic solutions of \1.6\) representing a', or there 
exist infinitely many positive integers li < I2 < ■ ■ ■ , such that for each i G N the 
system il.6\) has a periodic solution with minimal period li and representing a'' . 

(ii) Suppose that for some abelian group K and integer r > n the singular homology 
groups ifr(C(M/Z, M); IC) have nonzero ranks. Then either for some I G N 
there exist infinitely many distinct l-periodic solutions of i fj.6]] . or there exist 
infinitely many positive integers li < I2 < ■ ■ ■ , such that for each i G N the 
system U.6\) has a periodic solution with minimal period li . 

Let denote the free homotopy class of contractible loops in M, i.e., C(M/Z, M; 0) 
consists of all contractible loops 7 : M/Z — > M. The obvious inclusion i : M ^ 
C(M/Z,M;0) and the evaluation 

EV : C(M/Z, M; 0) ^ M, 7 ^ 7(0) 
satisfy EV o i = idu ■ It easily follows that 

: i?fc(M;Z2) ^ //fc(C(R/Z,M;0);Z2) 
is injective for any A; G N. Since Hn{M, Z2) = Z2 for n = dimM, we get 

ranki?„(C(M/Z,M;0);Z2) / 0. (1.7) 



Corollary 1.2 Let M be a -smooth compact n-dimensional manifold without bound- 
ary, and C'^ -smooth map L : M x TM M satisfy the conditions (L1)-(L3). Then the 
system kl.b]) possesses infinitely many distinct contractible integer periodic solution 
towers. 

Remark 1.3 1° When M has finite fundamental group, Benci [Be] first proved that 
the system (II. 6p has infinitely many distinct contractible l-periodic solutions for C^- 
smooth Lagrangian L satisfying the conditions (L1)-(L3) and 



dL 



dL 



j-{t,q,v) <C{l + \v\'), —L{t,q,v) <C{l + \v\) 
OQi OVi 

in some local coordinates (gi,-- - ,(?n) for some constant C > 0. Recently, under 
weaker assumptions than (L1)-(L3), i.e. Tonelli conditions and (L5) below, Abbon- 
dandolo and Figalli |AbFl Cor. 3. 2] showed that the system ()1.6p has an infinite se- 
quence of l-periodic contractible solutions with diverging action and diverging Morse 
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index. The key in [Bel lAbFj is the fact that the space of free loops in a compact 
simply connected manifold has infinitely many nonzero (co)homology groups with 
real coefficients [Suj . A new technique in [AbFj is to modify their Tonelli Lagrangian 
L to one satisfying (L1)-(L3). 

2° On n-dimensional torus T", for the Lagrangian of the form 

L{t,q,v) = ]^gq{v,v)+U{t,q) (1.8) 

for all {t,q,v) G M x TT" = M x x M", where 5 is a C^-smooth Riemannian 
metric on and U G C^{R/Z x T", M), (such a L satisfies the conditions (L1)-(L3)), 
Yiming Long |Lo2| proved that the system ()1.6p possesses infinitely many distinct 
contractible integer periodic solution towers. 

We refer the reader to [Lo2] and the references given there for the detailed history 
on the integer periodic solutions of the Lagrangian system. 

If L : M X TM R also satisfies 
(L4) L{-t, q, -v) = L{t, q, v) for any (t, q,v) £Rx TM, 
we can improve Corollarv 11.21 as follows. 

Theorem 1.4 Let M be a C^"" -smooth compact n-dimensional manifold without bound- 
ary, and C"^ -smooth map L : M x TM R satisfy the conditions (L1)-(L4)- Then the 
system lll.6\) possesses infinitely many distinct contractible integer periodic solution 
towers based on reversible periodic solutions. 

This result was proved by the author and Mingyan Wang [LuW2| in the case that 
M = T'^ and that L has the form ([L8]) and satisfies (L4), i.e. U{-t,q) = U(t,q) for 
any {t,q) G M x T". In particular, we have a generalization of ji.uW 2| Th.1.6]. 

Corollary 1.5 If L £ C^(TM, M) satisfies (L2)-(L4), then for any real number r > 
0, the following three claims have at least one to be true: 

• L has infinitely many critical points sitting in M = Otm cind thus the system il.6\) 
possesses infinitely many different constant solutions in M ; 

• there exists some positive integer k such that the system U.6\) possesses infinitely 
many different nonconstant kr-periodic solution orbit towers based on reversible 
periodic solutions of lll.6\) : 

• there exist infinitely many positive integers ki < k2 < ■ ■ ■ , such that for each km 
the system possesses Qj rGVGrsiblG periodic solutioTi with uiiTiiTRCLl period h^n'^^ 
m = 1,2,-- - . 

When M = T" and L has the form (jl.Sp with real analytic g and nonconstant, 
autonomous and real analytic U, the author and Mingyan Wang [ LuWl| observed that 
suitably improving the arguments in [CaTaj can give a simple proof of Corollary 11.51 
It should also be noted that even if M is simply connected the methods in \Be\ lAbF] 
cannot produce infinitely many reversible integer periodic solutions because the space 
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of reversible loops in M can contract to the zero section of TM and therefore has no 
infinitely many nonzero Betti numbers. 

If L G C^(TM, M) only satisfies (L2)-(L3), it is possible that two distinct solutions 
7i and 72 obtained by Theorem 11.11 only differ a rotation, i.e., 71 (t) = 72(5 + t) for 
some s G M and any f G R. However, we can combine the proof of Theorem 11.11 with 
the method in |LoLu| to improve the results in Theorem 11.11 as follows: 

Theorem 1.6 Let M he a -smooth compact n- dimensional manifold without bound- 
ary, and C^-smooth map L : TM M satisfy the conditions (L2)-(L3). Then for 
any r > the following results hold: 

(i) Suppose that for a homotopy class a of free loops in M and an ahelian group 

K the singular homology groups Hr{C{R/Z,M;a'');K) have nonzero ranks for 
some integer r > n and all k GN. If either r>n + l or r = n > 1, then either 
for some I G N there exist infinitely many distinct periodic solution orbit towers 
based on It -periodic solutions of il.6\) representing a\ or there exist infinitely 
many positive integers li < I2 < ■ ■ ■ , such that for each i £ N the system il.6\) 
has a periodic solution orbit tower based on a periodic solution with minimal 
period Ut and representing a'' . 

(ii) Suppose that the singular homology groups Hr{C{M/'Ii, M); K) have nonzero ranks 
for some integer r > n and some ahelian group IC. // either r > n + 1 or 
r = n > 1, then either for some I G N there exist infinitely many distinct 
periodic solution orbit towers based on W-periodic solutions of ji.fi)) . or there 
exist infinitely many positive integers li < I2 < ■ ■ ■ , such that for each z G N 
the system lll.6\) has a periodic solution orbit tower based on a periodic solution 
with minimal period Ut. 

By (|l-7p we immediately get: 

Corollary 1.7 Let M be a -smooth compact manifold of dimension n > 1 and 
without boundary, and -smooth map L : TM — > R satisfy the conditions (L2)- 
(L3). Then for any r > the system ^1.0^) possesses infinitely many distinct periodic 
solution orbit towers based on contract ible periodic solutions of integer multiple 
periods ofr. 

Clearly, when (L4) is satisfied Corollary 11.51 seems to be stronger than Corol- 
lary II. 7[ If n = 1 and (L4) is not satisfied, we do not know whether Corollary 11.71 
is still true. Moreover, the reason that we require higher smoothness in Theorem 11.61 
and Corollary 11.71 is to assure that the normal bundle of a nonconstant periodic orbit 
is C^-smooth. 

When M = T" and L has the form (II. Sh with flat g and autonomous [/, Yiming 
Long and the author [LoLuj developed the equivariant version of the arguments in 
[Lo2] to prove Corollary 11.71 Even if g is not fiat, the author and Mingyan Wang 
|LuW2t Th.1.6] also derived a stronger result than Corollary 11.71 in the case that 
M = T". Campos and Tarallo [CaTaj obtained a similar result provided that the 
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metric g is real analytic, and that the potential U is autonomous, real analytic and 
nonconstant. 

Even if L = for a C^-Riemannian metric g on M, it seems that Theorem 11.61 
or Corollary 11.71 cannot yield infinitely many geometrically distinct closed geodesies. 
Assume that L also satisfies 

(L5) For any {q,v) £ TM there exists an unique solution of (|1.6p . 7 : M — > M, such 
that (7(0),7(0)) = (g,z;). 

By [AbFl §2], this assumption can be satisfied if 

- dtL{t,q,v) < c{l + DyL{t,q,v)[v] - L{t,q,v)) \f{t,q,v) eR x TM. (1.9) 

(Clearly, the left side may be replaced by const — dtL(t, q, v) since (L5) is also satisfied 
up to adding a constant to L. Moreover, that L satisfies (L1)-(L3) is equivalent to that 
the Fenchel transform H oiL given by (|1.4|) satisfies the assumptions (H1)-(H3) below. 
In this case (jl.9p is equivalent to (jl.lip below. Hence (jl.Op holds if L is independent 
of t as noted below (jl.lip .) Under the assumption (L5), we have an one-parameter 
family of C^-diffeomorphisms E Diff (TM) satisfying (7(0), 7(0)) = (7(t),7(t)). 
(See [Fal Th.2.6.5]). Following |Lo2j . the time-l-map = <^\is called the Poincare 
map of the system (|1.6p corresponding to the Lagrangian function L. Every integer 
periodic solution 7 of (jl.6p gives a periodic point (7(0), 7(0)) of ^l- If 7 is even, then 
the periodic point (7(0), 7(0)) sits in the zero section ^tm of TM. So Corollarv 11.21 
and Theorem 11.41 yield the following 

Corollary 1.8 Let M he a -smooth compact n- dimensional manifold without bound- 
ary, and -smooth map L : R x TM — > M satisfy the conditions (L1)-(L3) and (L5). 
Then the Poincare map has infinitely many distinct periodic points. Furthermore, 
if (L4) is also satisfied then the Poincare map $l has infinitely many distinct periodic 
points sitting in the zero section Ota/ ofTM. 

If L is independent of t, for a periodic point (7(0), 7(0)) of $l generated by a 
T-periodic solution 7, then all points of {(7(5), 7(-s)) | s G M} are periodic points of 
We call such period points orbitally same. By remarks below (|1.9p . using 
Corollary 11.71 we can improve Corollary 11.81 as follows: 

Corollary 1.9 Let M be a -smooth compact manifold of dimension n > 1 and 
without boundary, and C^-smooth map L : TM — > R satisfy the conditions (L2)- 
(L3). Then the Poincare map has infinitely many orbitally distinct periodic 
points. 

It is easily checked that the assumption (L4) is equivalent to the following: 
(H4) H{-t,q,-p) = H{t,q,p) for any {t,q,p) G M x T*M. 

In this case, v = v{t,q,p) uniquely determined by the equality p = DyL{t,q,v) 
satisfies 

v{-t,q,-p) = -v{t,q,p) \/{t,q,p) eRxT*M. (1.10) 
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So if a solution 7 : M ^ M of ([LS]) satisfies j{-t) = j{t) Vi € M, then 7*(-t) = 
-7*(t) for all i e M. 

With the same way as the definition of solution towers and solution orbit towers 
to (|1.6p we can define solution towers to (jl.ip . and solution orbit towers to (jl.ip in 
the case -ff is independent of t. Then the Hamiltonian versions from Theorem 11.11 
to Corollary 11.71 can be obtained immediately. For example, from Corollary 11.21 
Theorem 11.41 and Corollary 1 1 . 71 we directly derive: 

Theorem 1.10 1°) Let M be a C^-smooth compact n- dimensional manifold without 
boundary, and C"^ -smooth map H : x T*M M satisfy the conditions (H1)-(H3). 
Then the system possesses infinitely many distinct contractible integer periodic 
solution towers. Furthermore, if (H4) is also satisfied then the system possesses 
infinitely many distinct contractible integer periodic solution towers based on periodic 
solutions with reversible projections to M . 

2°) Let M be a -smooth compact manifold of dimension n> 1 and without bound- 
ary, and C'^-smooth map H iM. x T*M M satisfy the conditions (H2)-(H3). Then 
for any r > the system has infinitely many distinct periodic solution orbit 

towers based on contractible periodic solutions of integer multiple periods of t. 

Remark 1.11 If 7ri(M) is finite, Cieliebak [Ci] showed that the system (jl.ip has 
infinitely many contractible 1-periodic solutions (with unbounded actions) provided 
that G C°°(M/Z X T*M,M) satisfies 



(HCl) dH{t,q,p) p£ -Hit,q,p)>ho\\pW'-h, 



(HC2) £§-{t,q,p) <d and £§-{t,q,p) 



dpidpj 



dpidq 



< d, 



for all (t, q,p) € M x T*M, with respect to a suitable metric on the bundle T*M M 
and constants /iq > 0, /ii and d. Here gi, • • • ,qn,Pi,-" ,Pn are coordinates on T*M 
induced by geodesic normal coordinates gi, • • • ,qn on M. 

Recently, Abbondandolo and Figalli stated in [AbFj Remark 7.4] that the same result 
can be derived from [AbFj Th.7.3] if the assumptions (HC1)-(HC2) are replaced by 

(HAFl) dH{t,q,p) p-^ — H{t,q,p) > a{\p\q) for some function a : [0, 00) R 
with lims_^+oo a{s) = +00, 

(HAF2) H{t,q,p) > h{\p\q) for some function /i : [0, 00) ^ M with lim^^+oo = 
+00 and all {t,q,p) e M x T*M, 

and (H5) below. Note that no convexity assumption on H was made in \Ci\ lAbF] 
and therefore that their results cannot be obtained from one on Lagrangian system 
via the Legendre transform. 

It is easily seen that the assumption (L5) is equivalent to the following: 

(H5) For any {q,p) G T*M there exists an unique solution of x{t) = XH{t,x{t)), 
X : M ^ M, such that x(0) = {q,p). 
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The assumption can be satisfied under the following equivalent condition of (jl.9p : 



dtH{t,q,p) <c{l + H{t,q,p)) y{t,q,p) £ R x T* M, 



(1.11) 



see [AbFl pp.629]. Since (H2) implies that H is superlinear on the fibers of T*M, 
p. lip holds clearly if H is independent of time t. The condition (H5) guarantees 
that the global flow of Xh exists on T*M. Thus we have an one-parameter family 
of Hamiltonian diffeomorphisms E Ham(T*M, Wcan) satisfying ^'^^(7(0), 7*(0)) = 
(7(^)5 7* (*))■ usual, the time-l-map = is called the Poincare map of 
the system (|l.ip corresponding to the Hamiltonian function H. For each t G M recall 
that the Legendre transform associated with Lt{-) = L{t, ■) is given by 



From this one immediately gets the following equivalent Hamiltonian versions of 
Corollary 11.81 and Corollary 11.91 

Theorem 1.12 1°) Let M be a C^-smooth compact n- dimensional manifold without 
boundary, and -smooth map H : R x T*M — > M satisfy the conditions (H1)-(H3) 
and (H5). Then the Poincare map has infinitely many distinct periodic points. 
Furthermore, if (H4) is also satisfied then the Poincare map has infinitely many 
distinct periodic points sitting in the zero section Ot*m ofT*M. 

2°) Let M be a -smooth compact manifold of dimension n > 1 and without bound- 
ary, and C^-smooth map H :R x T*M M satisfy the conditions (H2)-(H3). Then 
the Poincare map has infinitely many orbitally distinct periodic points. (That is, 
any two do not sit the same Hamiltonian orbit.) 

Theorems II. 101 ri.l2l mav be viewed a solution for the Conley conjecture for Hamil- 
tonian systems on cotangent bundles, and Corollary 11.81 and Corollary 11.91 may be 
viewed as confirm answers of Lagrangian systems analogue of the Conley conjecture 
for Hamiltonian systems. 

The main proof ideas come from [Lo2] . We shall prove Theorems 11.11 11.61 in the 
case r = n, and Theorem 11.41 by generalizing the variational arguments in [Lo2] . 
[LoLu] and |LuW2] respectively. Some new ideas are needed because we do not lift 
to the universal cover space of M as done in [Lo2l ILoLul ILuW2j for the tori case. We 
also avoid using finite energy homologies used in |Lo2l ILoLul ILuW2| . Let us outline 
the variational setup and new ideas as follows. For r > 0, let 



Sr:=R/TZ = {[s]r\[s]r = S + TZ,seR}, and Er = W^'^{Sr,M) 

denote the space of all loops 7 : 5",- ^ Af of Sobolev class W^'"^. For a homotopy class 
a of free loops in M, let 



Zl, : TM ^ T*M, {q, v) ^ (q, D,L{t, q, v)) . 



It is easy to check that 



^-f o SIlo = o $i for any t G M. 



(1.12) 



Hr{a), Hr = Hr{0), EHr 
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respectively denote the subset of loops of Er representing a, that of all contractible 
loops in Er, and that of all reversible loops in E^- Then EH^ C Hr- 

For integer m > 2, if M is C^-smooth, all these spaces Er, Hr{a) and EHr have 
C™'~^-smooth Hilbert manifold structure |K1| . and the tangent space of Er at 7 is 
T^Er = 1^"'^'^(7*TM). Moreover, any (C""~^) Riemannian metric (•, •) on M induces 
a complete Riemannian metric on Er'- 

{{c,v))r = r {m,v{t)),it) + {Vtm,^Mt)),^t)) dt (1.13) 

Jo 

V7 G Er, ^,r/ G T^Er = W^^'^{-i*TM). 

Here Vf denotes the covariant derivative in direction 7 with respect to the Levi-Civita 
connection V of (•,•). Let ||^||t- = \/ ((Ci 0)r '^^ ^ T^Er- Then the distance on Er 
induced by || • H,- is complete and also compatible with the manifold topology on Er- 
Consider the functional Cr ■ Er ^ M, 

Cr{i)= r L{t,^{t),^{t))dt yjeEr. (1.14) 
Jo 

For integer m > 3, if M is C™-smooth and C""" ^-smooth L : RxTM M satisfies the 
assumptions (L1)-(L3), then the functional Cr is C^-smooth, bounded below, satisfies 
the Palais-Smale condition, and all critical points of it have finite Morse indexes and 
nullities, (see [TOI Prop.4.1, 4.2] and [Hi]). By ^ Th.3.7.2], ah critical points of 
Cr are all of class C"*~^ and therefore correspond to all r-periodic solutions of ()1.6p . 

Let Cr denote the restriction of Cr on EHr- When L satisfies (L4), it is not hard 
to prove that a map 7 : R ^ M is a r-periodic even solution to (jl.6p if and only if 7 
is a critical point of Cr on EHr, cf. |LuW21 Lem.1.7]. 

When we attempt to prove Theorem 11.11 by the method of |Lo2| , we first need to 
know how to relate the Morse index and nullity of a critical point 'y G Er of Cr to 
those of the k-th. iteration 7*^ G E^r as a critical point of Ckr on E^r- Since we do not 
assume that M is orientable or 7 is contractible, the bundle 7*TM — > Sr might not 
be trivial. However, for the 2-th iteration 7^, the pullback bundle (7^)*rM — > S2T 
is always trivial. Since our proof is indirect by assuming that the conclusion does 
not hold, the arguments can be reduced to the case that all r-periodic solutions 
have trivial pullback bundles (as above Lemma l5.2p . For such periodic solutions we 
can choose suitably coordinate charts around them on Ei^r so that the question is 
reduced to the case M = M" as in Lemma 13.21 Hence we can get expected iteration 
inequalities as in Theorem 13. 11 The second new idea is that under the assumption each 
Ckr has only isolated critical points we show in Lemma [5.2l how to use an elementary 
arguments as above Corollary 1 1 . 2 1 and the Morse theory to get a non-minimal saddle 
point with nonzero th-n critical module with Z2-coefficient; the original method in 
\Lo2\ Lemma 4.1] is to use Lemma II. 5. 2 on the page 127 of [Chj to arrive at this 
goal, which seems to be difficult for me generalizing it to manifolds. It is worth 
noting that we avoid using finite energy homologies used in |Lo2l ILoLul ILuW"2] . That 
is based on an observation, that is, the composition (jkr)* ° V'J iii (|5.13p has a good 
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decomposition (Jk)* ° (V'^)* ° (Ii)* in (IS.lSh such that for each u> € Cn(/^r, 7; 1^), 
(Ii)*(a;) is a singular homology class of a C^-Hilbert manifold and hence has a C^- 
singular cycle representative. It is the final claim that allows us to use the singular 
homology to complete the remained arguments in Long'method of |Lo2] . A merit of 
this improvement is to reduce the smoothness of the Largangian L. That is, we only 
need to assume that L is of class C^. However, a new problem occurs, i.e. 0^^ in 
()4.12p is only a homeomorphism. It is very fortunate that cxkr is also of class as 
noted at the end of proof of Theorem 5.1 (the generalized Morse lemma) on the page 
44 of [Chj . Using the image of Gromoll-Meyer of akrii]) + PkriC) under Qkr, called 
topological Gromoll-Meyer, to replace a Gromoll-Meyer of Ckr at 7*^, we construct 
topological Gromoll-Meyer pairs of at 7 £ Hr{a) and of Ckr at 7^^ S Hkria^)-, to 
satisfy Theorem 14.41 which is enough to complete our proof of Theorem 11.11 For the 
proof of Theorem 11.61 we need to complete more complex arguments as in §4.3. But 
the ideas are similar. 

The paper is organized as follows. Section 2 will review some basic facts concerning 
the Maslov-type indices and relations between them and Morse indexes. In Section 
3 we give some iteration inequalities of the Morse indexes. Section 4 studies changes 
of the critical modules under iteration maps. In Sections 5, 6 and 7, we give the 
proofs of Theorems II. H 11.41 and 11.61 respectively. Motivated by the second claim 
in Theorem 11.101 1°), a more general question than the Conley's conjecture and a 
program in progress are proposed in Section 8. In Appendix of Section 9 we prove 
Proposition A and a key Lemma A. 4, which is a generalization of |Lo2l Lemma 2.3]. 

Acknowledgements: I am greatly indebted to Professor Yiming Long for lead- 
ing me this to question ten years ago. The author sincerely thanks Professors Le 
Calvez and C. Viterbo for organizing a seminar of symplectic dynamics at Beijing 
International Mathematics Center in May 2007, where my interest for this question 
was aroused again. He also sincerely thanks Professor Alberto Abbondandolo for 
some helps in understanding his paper. The results and outlines of proofs in this 
paper were reported in the workshop on Floer Theory and Symplectic Dynamics at 
CRM of University of Montreal, May 19-23, 2008. I would like to thank the organiz- 
ers for their invitation, and CRM for hospitality. Finally, I sincerely thank Professor 
Kung-Ching Chang for his helps in correcting mistakes in the first draft. 



2 Maslov-type indices and Morse index 



2.1. A review on Maslov-type indices. Let Sp(2n, M) = {M G M2nx2n | m'^JqM 

^ -I \ 

" . For r > 0, denoted by 



Jo}, where Jo 



\ In 







Vri2n) = {^e C([0,r], Sp(2n,M)) | ^-(0) = hn}, 
V:{2n) = {^e Vr{2n) \ det{^{T) - hn) / 0}. 

The paths in V* (2n) are called nondegenerate. The Maslov-type index (or Conley- 
Zehnder index) theory for the paths in V*{2n) was defined by [CoZej . |Lolj and |Vi2] . 
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Yiming Long [Lo4] extended this theory to all paths in VrC^n). The Maslov-type 
index of a path ^ S VrC^n) is a pair of integers (iT-(^), fri^)), where 



i/r(^) = dimMKer]R('J'(r) - /2n) and 

= inf{i^(^) I (3 £ V*{2n) is sufficiently C° close to in Pr(2n)} 

with ir{P) defined as in [CoZej . Clearly, the map ir ■ Vr{'2^n) ^ Z is lower semi- 
continuous. For any paths ^fc G Vr{'2n), A; = 0, 1, (ir(*o), i^t(^o)) = i^t{^i)) 
if and only if there exists a homotopy ^'^,0 < s < 1 from ^'o to in Vri'^n) such 
that ^'s(O) = hn and iyr{^s{r)) = i^ri^o) for any s £ [0, 1]. 

For a < 6 and any path ^ £ C([a, 6], Sp(2n, M)), choose /? € 7^1(271) with /?(1) = 
^-(0), and define G 7^1(271) by (pit) = (3{2t) for < t < 1/2, and 

(j){t) = ^{a+{2t-l){b-a)) for 1/2 < t < 1. 

It was showed in [Lo4] that the difference ii((/>) — ii(/3) only depends on \1', and was 
called the Maslov-type index of ^ , denoted by 

i{^>,[aM)-=h{4>)-im- (2.1) 
Clearly, , [0, 1]) = for any ^ £ Vi{2n). 



Let (F, {•, •}) be the symplectic space with F = M^n ]R2n g^j^^ 
{n, t>} = (i7ti, t') Vii, V £ F, where ^ = 



Jo 
Jo 



All vectors are understand as column vectors in this paper without special 
statements. Let Lag(-F) be the manifold of Lagrangian Grassmannian of (F, {•, •}), 
and ij,^^^ be the Cappell-Lee-Miller index characterized by properties I- VI of [CLMl 
pp. 127-128]. There exists the following relation between ^"-"^^ and the index defined 
by dZIl), 

[a, b]) = fif^'^iW, Gr (M/), [a, b]) - n, (2.2) 

where W = {{x'^ , x^Y G M^" | x G M?''']. 

With Ui = {0} X M" and C/2 = x {0}, two new Maslov-type indices for any 
path ^ £ C([a, 6], Sp(2n, M)) were defined in [LoZZj as follows: 

^xk{^,[a,b]) = ^,^^{Uk,■^UkAaA). k = l,2. (2.3) 

[a r \ 

Let ^(6) = ^ ^ , where A, B,C,D£ M"^". In terms of [LoZZl (2.21)], define 
[CD) 

i/i(1', [a,6]) = dimKer(5) and z^2(^', [a, &]) = dimKer(C). (2.4) 
In particular, for ^ £ Vr{2n) and /c = 1, 2 we denote by 

/^fc,r(^) = ^^(^-,[0,^]) and i^k,r{'^) = uk{^,[0,^]). (2.5) 



13 



Assumption B. (Bl) Let B € C(M, M^"^^") be a path of symmetric matrix which 
is r-periodic in time t, i.e., B{t + r) = B{t) for any t G M. 

(B2) Let B{t) = I "^"S^J Bi2{t) \ ^ ^^^^^ Bu,B22, t ^ M"^" are even at t = 

Y B2l{t) B22[t) J 

and r/2, and B12, B21, M"^" are odd at t = and t/2. 

Under the assumption (Bl), let ^ be the fundamental solution of the problem 

= Jo5(t)^(t), ^(0)=/2n. (2.6) 

By the classical Floquet theory, ^'r(^) is the dimension of the solution space of the 
linear Hamiltonian system 

u(t) = jQB{t)u{t) and u{t + r) = u{t). 

Similarly, under the assumptions (Bl) and (B2), it was also shown in [LoZZl Prop. 1.3]) 
that z^i^T-(^') and f2,T(^) are the dimensions of the solution spaces of the following 
two problems respectively, 

f u{t) = JoB{t)u{t), 

\ u{t + T)=u{t), u(-i) = iVu(t), 

f u{t) = JoBit)u{t), 

I u(t + T)=u(t), u(-t) = -iVu(t), 

where A'' = [ " ^ )• (^^i)""" ,^n,yi,-'' lUn) denote the coordinates in 

\ In j 

M^n _ X M". Denote by ujq = X]fc=i ^^fe ^ ^Vk the standard symplectic structure 
on M^", i.e. a;o(u, v) = (Jqu, v) Vu, v G M?"'. Here (•, •) is the standard inner 
product on M^". Define if : R x M^" ^ M by H{t, u) = ^{B{t)u, u). Let Xh be the 
corresponding Hamiltonian vector field defined by 

LOoiXHit,u),v) = -d^H{t,u)iv). (2.7) 

Then Xnit, u) = JoB{t)u for any u G M^n.^ 

For ^ G Vr{2n), extend the definition of to [0, +00) by 

^(t) = ^^{t - jT)^{Ty, WjT <t<{j + l)r, j G N, (2.8) 

and define the m-th iteration of ^ by 

^"^ = ^l[0,mr]. (2.9) 

It was proved in |Lo31 pp. 177-178] that the mean index per r of ^' G VrC^n), 

V(*):= lim '""^ > (2.10) 

always exists. 
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Lemma 2.1 (i) For any ^ € VrC^n) it holds that 

|o,mv(^')-n| < w(^'"') < miri'i') + n - Vrnri'^"'), VmGN. 



max 



(ii) - A*2(^)| < n for any ^ G Pr(2n) wii/i r > 0. 

(iii) Under Assumption B, let ^ : [0,+cxd) Sp(2n,M) he the fundamental solution 
of the problem \2. 6]) . (It must satisfy 112. 8\) ). Then 

Atl,mr (^'|[0,^]) + ^2,mT (^'^\[0,^]j = imr (^|[0,mr]) +n Vm E N, (2.11) 

(^or equivaliently /ii(^', [0, mr]) + fi2{'^, [0, mr]) = (^|[o,mr]) + ^ Vm G NJ. More- 
over, for k = 1,2 the mean indices of ^ per r defined by 

f,,^i^):= lim ^^-^ (^'[°--]) (2.12) 

' »rt-++oo m 

always exist and equal to ^v(^). 

(i) comes from [ELo] or [ESI p. 213, (17)], (ii) is jLoZZl Th.3.3], and (iii) is [LoZZl 
Prop.C, Cor. 6. 2] (precisely is derived from the proof of [LoZZl Prop.C, Cor. 6. 2]). It 
is easily checked that (i) implies {imr — mir] < (m + l)n for any m G N. A similar 
inequality to the latter was also derived in [DDP l (12)] recently. 

2.2. Relations between Maslov-type indices and Morse indices. 
Lemma 2.2 ( |ViH ILoAn] ) . Let the Lagrangian L : M x M^" ^ M 6e given by 

L{t, y, v) = ^P{t)v ■ V + Q{t)y ■ v + ]^R{t)y ■ y, 

where P,Q,R : M ^ M"^" are C^-smooth and r-periodic, R{t) = R{t)'^ , and each 
P{t) = P{t)'^ is also positive definite. The corresponding Lagrangian system is 



^ ^^{t, y, y)j - —{t, y, y) = {Py + Qy)' - y - Ry = 0. (2.13) 

Let y be a critical point of the functional 

fr{y) = I L{t,y{t),y{t))dt 
Jo 

on W^''^{Sr,^"'), and the second differential of f^- at it be given by 

d^frmy, z)= [ [{Py + Qy)-i + Q^y-z + Ryz] dt. 
Jo 

The linearized system of i2.13\) at y is the Sturm system: 

-{Py + Qyy + Q^y + Ry = 0. 

Let 

- -Q{tfp{tr^ Q{tfp{tr'Q{t) - R{t) ) ' ^'-'^^ 
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and ^ : [0, +cxd) — > Sp(2n,M) be the fundamental solution of the problem 

u(t) = JoS{t)u (2.15) 

with ^'(0) = l2n- Suppose that each P{t) is symmetric positive definite, and that each 
R{t) is symmetric. Then fr at y ^ W^''^{Sr,^^) has finite Morse index m-r{fr,y) 
and nullity ■m^{fr,y), and 

m-{fr,y)=irm and mO(/„ y) = (2.16) 



Remark 2.3 Since Lyy{t, y, v) = P{t) is invertible for every t, L has the Legendre 
transform H : R x R"^"- ^ R: 

H{t, x,y) = X- v{t, X, y) - L{t, x, v{t, x, y)), 

where v{t,x,y) G is determined by Lv{t,y,v{t,x,y)) = x. Precisely, v(t,x,y) = 
P{t)-^[x - Q{t)y] and 

H{t,x,y) = ^P{t)-'x-x-P{t)-^x-Q{t)y 

+ \p{tr^Q{t)yQ{t)y-\R{t)yy. 

Then XH{t,x,y) = Jo5'(t)u with u = {x'^,y'^)'^, and u = {xP' ,y^)'^ is a r-periodic 
solution of (f2l3|l . 

Let 

W^'2(5^,R") = { y G H^^'2(5^,R") I y{-t) = y{t)yt G R} , 
01F^'2(5^,M'^) = { y G W'^^'^iSr^') I y{-t) = -y{t)yt G R} . 

Lemma 2.4 ( |LuW21 Th.3.4]) Under the assumptions of Lemma \2.SX suppose fur- 
thermore that 

P{t + T) = P{t) = P{tf = P{-t)yteR, 
R{t + t) = R{t) = R{tY = R{-t) Vt G M, (2.17) 
Q{t + T) = Q{t) = -Q{-t)yt&R, 

and thus L in Lemma [27^ satisfies (L4). So the present S{t) in i2.14\ ) also satisfies 
the Assumption B. Let y be a critical point of the restriction of the functional 
fr to EW^''^{Sr,R'^)- (It is also a critical point of the functional fr on W^''^{Sr,R"') 
because fr is even). As in Lemma \2.1\ let ^ denote the fundamental solution of 
IKim . Let 

W^'2(S^,R") = W^'2(5^,R")+ © W^'2(5^,R")°e W^'2(5^,R")-, 
OVF^'2(5^,M") = 01^^'2(5^,R")+ © OM/^'2(5^,R")° © OVr^'2(5^,M")~ 
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be respectively cP fr{y)- orthogonal decompositions according to d'^fr{y) being positive, 
null, and negative definite. Then 



dimEW'^\Sr,Rn~ = m;if^ ,y) = fii,rm, (2.18) 

dim Wi'2(5,,]R")0 = m'Mr,y) = (2.19) 

dimOVFi'2(5^,M")- = /i2,r(^) - n, (2.20) 

l^r(^') =l^l,r(^) + Z^2,r(^). (2.21) 

For conveniences we denote by 

ml^{U,y) := dimOW'^^Sr^W')- , (2.22) 

ml,{fr,y) := dimOl^i'2(5,,R")0. (2.23) 

Then under the assumptions of Lemma 12.41 Lemma l2.1l fii)(iii) and ()2.2ip become 

\n + ml^{fr,y)-m-U^,y)\ < n, (2.24) 

mlMr,y) + m~{f^,y) = m-{fr,y), (2.25) 

m°(A, y) = m°(/,^, y) + ,(/,, y). (2.26) 



3 Iteration inequalities of the Morse index 

3.1. The case of general periodic solutions. In this subsection we always 
assume: M is C'^-smooth, L is C^-smooth and satisfies (L1)-(L3). Let 7 G i^r be a 
critical point of the functional Cr on Er- It is a r-periodic map from M to M. For 
each S N, 7 : M ^ M is also /sr-periodic map and therefore determines an element 
in Ekr, denoted by 7^ for the sake of clearness. It is not difficult to see that 7^ is a 
critical point of C^r on E/^t-. Let 

m-^(7^) and 771^^(7'=) 

denote the Morse index and nullity of Ckr on E^t respectively. Note that 

< ml^{-i^) <2n Vfc G N. 

(This can be derived from (j2.16p and Lemma 13.21 below). A natural question is how 
to estimate m~{'~i^) in terms of m~{'y), m^(7) and 'm^^{'y''). The following theorem 
gives an answer. 

Theorem 3.1 For a critical point 7 of C-j- on E^-, assume that 'y*TM — > Sr is trivial. 
Then the mean Morse index 

m;(7):= hm ^^^^^ (3.1) 
always exists, and it holds that 

max {0, km~{-f) - n] < m^^(7''') < krhri'j) + n- ■m\^{^^) \/k G N. (3.2) 
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Consequently, for any critical point 7 of Cr on Er, m2^(7^) exists and 

max {0, km^^i-f'^) - n} < m'^^i-f^'') < km2r{l) +n- ml,^^{-i'^^) V/e G N (3.3) 

because (7^)*TM S2T is always trivial. 

Before proving this result it should be noted that the following special case is a 
direct consequence of Lemma I2.1( i) and Lemma I2.2i 

Lemma 3.2 Under the assumptions of Lemma \2.SX for each k £ N, y is also a kr- 
periodic solution of 112. 13\) . denoted by . Then y^ is a critical point of the functional 

fkriy) = / L{t,y{t),y{t))dt 
Jo 

on and 

n^U,.y) := lim Hl^A!^ = „„, <±fl = i^,^,,. (3.4) 

max{0,/cm7(/^,y) - n} < m^^{fkr,y'') 

<km~{fr,y)+n-mt{fkr,y^) (3.5) 

with < m^{fkT,y^) < 2n for any /c G N. 

This result was actually used in [Lo2t ILoLul ILuW2| . In the following we shall show 
that Theorem 13.11 can be reduced to the special case. 

Proof of Theorem [STU Step 1. Reduce to the case M = M". Let 7 E be 
a critical point 7 of Cr on E^- with trivial pullback j*TM Sr- Take a C^- 
smooth loop 7o : S't ^ M such that max^ (i(7(t), 7o(t)) < p, where d and p are 
the distance and injectivity radius of M with respect to some chosen Riemannian 
metric on M respectively. (Actually we can choose 70 = 7 because 70 is C^-smooth 
under the assumptions of this subsection). Clearly, 7 and 70 are homotopic, and 
thus 7qTM — > Sr is trivial too. Since 70 is C^-smooth, we can choose a C^-smooth 
orthogonal trivialization 

5^ X M" ^ -foTM, {t, q) ^ ^{t)q. (3.6) 
It naturally leads to a smooth orthogonal trivialization of {"^qYTM for any A; G N, 

Skr X M" ^ (7o)*™, (i, q) ^ m<l- (3.7) 

Let i?p(0) denote an open ball in M" centered at with radius p. Then for each 
/c G N, we have a coordinate chart on E^^- containing 7^^, 

(t>kr : W^'\Skr,B;{0)) ^ Ekr, </'fcr(a)(t) = exp^.(,)($(t)a(t)). (3.8) 



18 



Clearly, (pkri^) has a period r if and only if a is actually r-periodic. Thus we have 

a unique 7 G W^''^{Sr, Bp{0)) such that 'pkri'l^) = 7^^ for any /c G N. Denote by the 
iteration maps 

-.Er^ Ekr, a ^ a*^, 

It is easy to see that 

(j)f^^ o^^ = ^l;^o4)^ Vfc G N. (3.9) 

For any G N, set 

Ckr : W^^\Skr, 5;(0)) ^ M, £fcr = /:fer O </.fc,. (3.10) 

Then 7 = </>~-'^(7) is a critical point of and therefore t"*^ = 4>'^^{'j'') = is 
a critical point of £fcT for any /c G N. Moreover, the Morse indexes and nullities of 
these critical points satisfy the relations: 

"^^.(7')=rn^.(7') and mUj') = mU^'^), Vfe G N. (3.11) 

Viewing 70 a r-periodic map from M M, consider the C'^-smooth map 

E:Rx B^{0) ^ M, (t,g) ^ exp^„(,) (<I>(t)g) . (3.12) 

Then H(i + r, g) = E{t, q) for any (t, q) £Rx M. Clearly, 

(j)i,^{a){t) =E{t,a(t)) and (3.13) 

^(0fcr(a))(O = ^H(t,g)|,-=5(j) + d,-H(t,a(t))(ci(t)) (3.14) 

for any t G M and a G ^'^'^(S'fc^, B^{0)). Define L : M x B;^(0) x M" ^ M by 

d 
It 



L{t, q,v)=L{t, E{t, q), -E{t, q) + dgE{t, q){v) ) . (3.15) 



Then L{t + r,g,u) = L{t,q,v) V(t,g,?)) G M x 5^(0) x M", and L also satisfies the 
conditions (L2')-(L3') (up to changing the constants). For a G W^''^{SkT, Bp{0)), by 
(j3.10p we have 



dt 



'\(t,<pHa)it),^(cl>'idm]dt 



\ 

kr 

L{t,a{t),5i{t)) dt. (3.16) 
Therefore we may assume M = M". That is, by (j3.1ip we only need to prove 

777-1 (7^) 

rn,~(7) := lim — — exists, (3-17) 



max {0, krh^ (7) — 77} < m^^{^^) 



< kihrij) + n - ml^ij'') V/c G N. (3.18) 
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Step 2. Reduce to the case of Lemma \3.S\ . Note that 

dUmi) = j^^ {DfL{t,^{t)Mt)) m)+D,L{t,^{t)Mt)) m)) dt 

DgL {t, 7{t),^{t)) - j^D^L {t, 7(t), ^(t))) • m dt 
for any | G l^^'^(5'r, M"). Since dLr{^) = 0, we have also 

+Dg^L{t,^{t),^{t)) {m,fj{t)) 

+D^gL (t,7(t),i'(t)) (|(t),r?(t)) 
+DggL (t,7(t),4(t)) (|(t),?7(t))) 

for any G ^^^'2(5^, M'^). Set 

P{t) = D^iL {t,j{t),^{t)) ^ 

Q{t) = Dg,L{tn{t)Ait)) , } (3.19) 
R{t) = DggL (i,7(i),i'(t)) 

y, ?}) = -P{t)v ■ d + Q{t)y ■ v + • y. (3.20) 

Clearly, they satisfy the conditions of Lemma [2.21 and y = G VF^'2(5t-, M") is a 
critical point of the functional 

friy) = I L{t,y{t),kt))dt 
Jo 

on W^''^{Sr,^"')- It is also easily checked that 

d^frmi,v) = d^LAm,fi) v|,7? G w''\Sr,Rn- 

It follows that 

m^^{fkr,0)=m^^{f) and ^"^(A,, 0) = ^0,(7'=) \fken. 

These and Lemma [3^2] together give the desired (|3.17p and (j3.18p . □ 

3.2. The case of even periodic solutions. Let M and L be as in §3.1. But 
we also assume that L satisfies (L4). Note that the even periodic solutions are always 
contractible. Let C^^ denote the restriction of Ckr on EH^t- As noted in the intro- 
duction, if 7 G EHj^ is a critical point of on EHj^ then 7'^ is a critical point of 
Ckr on Hkr for each A; G N. Let 

"^r,fcr(7*^) and mlUl'') 

denote the Morse index and nullity of on EHkr respectively. Then < 
"^1 kr^'^^) — "^fcr(T'^) — ^- shall prove 
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Theorem 3.3 Let L satisfy the conditions (L1)-(L4). Then for any critical point 7 
o/£f on EHr, the mean Morse index 

:= lim ^'^[^ (3.21) 

exists, and it holds that 

mlkri^'') + mlf,^i-f^) < n VfcGN if ^^^^(7) = 0. (3.22) 
Firstly, by (j2.10p and (j2.16p the mean Morse index 

m;{fr,y):= hm ^''rihr,f) ^3^3) 

fc^oo K 

exists and equals to v(^)- Under the assumptions of Lemma 12.41 for each A; G N, y*^ 
is a critical point of the restriction of the functional fkr to EW^''^{SkT-,'^'^), and 
it follows from (imH . (IXTHIl . (ICTIl and that 

m;(/f,y):= hm = (vj,) = y), (3.24) 

"i2,r(/r,y) := , lim 2,fcT(/fcT,y ) ^ ^2,^(^') = ^rh^{fr,y). (3.25) 

Moreover, by l^^25\\ and (p:26]) . for any A; G N it holds that 

m-^^{fkr,f) + m^^{f^^,f) = m-^{fkr,f), 
ml{fkr,y')=mlifkr,y')+ml,Mkr,y')- 

From these we derive that (j3.5p becomes 

max{0, 2km; {ff, y) - n} < m^,^^{fkr, y'') + m^^{f^,,y^) 

< 2km; iff, y) + n - mUfkr, v") " "^2,fcr(Ar, y') (3.26) 

for any A: G N. In particular, if m;{f^,y) = 0, then 

m;^{fl,y^)+mt{fl,t) <n VA: G N. (3.27) 

f |LuW2l Th.3.7]). 

Proof of Theorem 13.31 Since 7 is even we can still choose 70 and $ in (j3.6p to be 
even, i.e. 7o(— i) = 7o(^) and ^{—t) = <I>(t) for any t G M. These imply 

E{-t,q)=E{t,q), ^^E{-t,q) = -^E{s,q)\s=-t = jE{t,q). (3.28) 



It follows that the coordinate chart (pkr in (|3.8p naturally restricts to a coordinate 
chart on EH^r, 

ct^t ■■ W^'2(5fc., 5^(0)) ^ EHkr (3.29) 
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which also satisfies 

(/,f^ o = V^'^ o </,f ykeN. (3.30) 

By (L4), ([313]) and ([3:28]) we have 

L{-t,q,-v) = L (^-t,E{-t,q),-j^-^E{-t,q) + dqE{-t,q){-v) 

= L (^-t, E{t, q), -j^^i-t, q) - dgE{t, q){v) 

= L UE{t,q),-^Ei-t,q)+dgEit,q){v) 



L ( t,E{t,q), —Eit,q)+dgE{t,q)iv) 



d_, 

= L{t,q,v). (3.31) 

That is, L also satisfies (L4). It follows that for any /c S N, the functional 

Cl : EW^^^{Skr, B;{^)) ^ M, Cl = Cl o (3.32) 

is exactly the restriction of the functional £fcr in (|3.10|) to £'H^^'^(S'A:r, -B^(O)). Hence 
the question is reduced to the case M = M" again. That is, we only need to prove 

m~[^{'^) := lim — '—^ exists, (3.33) 

^iMil'')+^lkr{l^)<^ VfcGN if m{-_^(7) = 0. (3.34) 
By p.3ip we have 

DijyL{-t, q, -v) = DijyL{t, q, v), 
DqyL{-t,q,-v) = -DqyL{t,q,v), 
DqqL{-t, q, -v) = DqqL{t, q, v) 

for any {t,q,v) G M x BJ^iO) x M". Since 7(-t) = j{t) and ^{-t) = -^{t), it follows 
from this that P, Q and R in (f3l^ satisfy ([2171) . For L in ([3:20]) and the functional 

fg{y):= / L{t,yit),kt))dt 
Jo 

on ETyi'2(S'fc^,M"), = 1,2,-- - , we have 

m^^if^,,0)=m-,^if) and ^^^(/f,, 0) = ,,(7'=) VA; e N. (3.35) 
By (l3:2iD and (13:271) we get 

7h;{f^,0):= lim '"^-^{^''-'"^ (3.36) 

A;— ++00 k 

exists, and if m~(/^,0) = 0, 

m^^{f^^,0)+mUfZ,0)<n V/c G N. (3.37) 

Now ((3351)- (133Z]) give (15:35]) and (ICTD . and therefore the desired (15:^ and (122D. 

□ 
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4 Critical modules under iteration maps 



In this section we shall study relations of critical modules under iteration maps in 
three different cases. We first recall a few of notions. Let be a Hilbert- 
Riemannian manifold and / E C^(A4, M) satisfies the Palais-Smale condition. Denote 
by /C(/) the set of critical points of /. Recall that a connected submanifold of 
is a critical submanifold of / if it is closed, consists entirely of critical points of / and 
/Itv = constant. Let C be an isolated critical submanifold of / with /Itv = c, 
and [/ be a neighborhood of N such that UnfC{f) = N. For q £ NU {0}, recall that 
the q^^ critical group with coefficient group IfC of / at is defined by 

Cg{f,N;K) ■.= H,{{f <c}nU,{{f <c}\N)nU;K). (4.1) 

Hereafter stands for the relative singular homology with the abelian 

coefficient group K without special statements. The group Cq{f, N;K) does not 
depend on a special choice of such neighborhoods U up to isomorphisms. There also 
exists another equivalent definition of critical groups, which is convenient in many 
situations. 

Let V : {M \ JC{f)) TM be a pseudo-gradient vector field for / on A^. Ac- 
cording to [Chi pp.48, 74] and [Wa', Def.2.3] or [ GM1| . a pair of topological subspaces 
{W, W~) of Ai is called a GromoU-Meyer pair with respect to V for A^, if 

(1) ly is a closed neighborhood of A^ possessing the mean value property, i.e., 

yti < t2, r]{ti) e W, i = 1,2, implies 7/(t) G W for all t G [ti,t2], where r]{t) is the 
decreasing fiow with respect to V. And there exists e > such that W n fc~e = 
f-i[c - e, c) n /C(/) = 0, n /C(/) = A^; 

(2) the set W = {p £ W \ r]{t,p) ^ W,yt > 0}; 

(3) W~ is a piecewise submanifold, and the fiow rj is transversal to W~ . 

By |Ch[ pp.74] or }jWa\ §2], there exists an (arbitrarily small) Gromoll-Meyer pair for 
A^, {W, W~), and for such a pair it holds that 

H4W,W-;K)^C^{f,N;K). (4.2) 

Hence H^:(W,W~ 'jK) may be used to give an equivalent definition of C^{f,N;K). 
We need the following fact which seems to be obvious, but is often neglected. 

Lemma 4.1 Let Aii and M2 be C'^ Hilbert-Riemannian manifolds, and @ : A4i —>■ 
A^2 be a homeomorphism. Suppose that fi G C^(Alj,M), i = 1,2, satisfy the Palais- 
Smale condition and f2 = fi° ©• Let Ni C Aii and N2 = Q{Ni) C M.2 be isolated 
critical submanifolds of fi and f2 respectively. Assume that {Wi,Wi) is a Gromoll- 
Meyer pair of Ni of f\ . Then 

a(/2, Ar2;IK) = //*(G(Tyi),e(Tyf );IEC) 

though (Q{yV\),Q{y/^\) ™^ necessarily a Gromoll-Meyer pair of N2 0//2 (because 
G is only a homeomorphism). Moreover, for c = fi\Ni CL^d e > it is clear that 

{Wi,W^) C (/r^[c-e,c + e],/fi(c-e)) 
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implies {e(Wi),e{Wn) C {f^'[c-e,c + e]J^\c-e)). 

Proof. Take a small open neighborhood U of A'^i so that U C Wi. Since 

0({/i < 

c}nu) = {/2 <c}nu and e(({/i < c} \ Ni) nu) = ({/2 < c} \ N2) n @{U), we 
have isomorphisms 

: H,{Wi,W^;K) ^ H,{@{Wi),Q{W^y,K), 
e. : < c} n f/, ({/i < c} \ iV,) nU;K)^ 

H,{{f2 < c} n e(c/), ({/2 < c} \ iVa) n e([/);K) 
= C.(/2,Af2;K). 

By glD and (jM]), VFf ; K) ^ ({/i < c} n C/, ({/i < c} \ iVi) n C/; K) . The 

desired conclusion is obtained. □. 

It is this result that we may often treat (G(VFi), Q{W^)) as a GromoU- Meyer pair 
without special statements. For conveniences we call it a topological GromoU- 
Meyer of /2 at N2. The usual Gromoll-Meyer pair can be viewed the special case 
of it. Moreover, if T : A^2 -M'i is a C^-diffeomorphism onto another Hilbert- 
Riemannian manifold Als, then {ToQ{Wi),ToQ{Wy )) is also a topological Gromoll- 
Meyer pair of /s = /2 o T at N?, = T{N2). (|iT2|) and Lemma O show that the 
topological Gromoll-Meyer may be used to give an equivalent definition of the critical 
group. 

To understand the Note at the end of proof of Theorem 5.1 of \Ch\ pp. 44] we 
add a lemma, which is need in this paper. 

Lemma 4.2 Let Hi he Hilbert spaces with origins 6i, , i = 1,2,3. For e > let 

f e C^{B,{9i) X Be{92) X Be{es),R). Assume that dsfixi, 62,93) = for xi G Be{9i) 

and that (^3/(^1, ^21 ^3) : ^3 H3 is a Banach space isomorphism. Then there exist 

a small < 5 ^ e and C^-map h : Bs{9i) x -65(^2) such that 

(i) dsf {xi,X2, h{xi,X2)) = 6*3 for all {xi,X2) £ Bs{9i) x Bs{d2), 

(a) g : Bs{9i) X Bs{92) M, (xi,X2) ^ gixi,X2) = f{xi,X2, h{xi,X2)) is C^. 

Proof. Applying the implicit function theorem to the map 

dsf : B,{9i) X 5,(^2) X 5,(^3) ^ ^3 

we get a < (5 ^ e and a C^-map h : -65(6*1) x Bs{92) H3 such that /i(6'i, ^2) = 6*3 
and 

d3f{xi,X2,h{xi,X2)) = V(2;i,X2) G ^5(611) x Bsi92)- 
Set g{xi,X2) = f{xi,X2,h{xi,X2)). Then 

dg{xi,X2) = d(^i^2)f{xi,X2,h{xi,X2)) + d3f{xi,X2,h{xi,X2)) o d(^x^^^^)h{xi,X2) 
= d(^l,2)f{xi,X2,h{xi,X2)) 

because d3f{xi,X2,h{xi,X2)) = 0, where ii(i,2) denotes the differential for the first 
two variables of /. Hence 

d^g{xi,X2) = df^.^^f{xi,X2,h{xi,X2)) 

+ d3d(^i^2)f{xi,X2,h{xi,X2)) o d(^^^^^^)h{xi,X2). 
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The desired claims are proved. □ 

4.1. The arguments in this section are following Section 3 in [Lo2] . However, since 
our arguments are on a Hilbert manifold, rather than Hilbert space, some new tech- 
niques are needed. The precise proofs are also given for reader's convenience. In 
this subsection we always assume: M is C^-smooth, L is C^-smooth and satisfies 
(L1)-(L3). 

Lemma 4.3 Let 7 G Hrict) be an isolated critical point of the functional Cr on 
ifr(ck) such that is an isolated critical point of the functional C^t H^rict^) for 
some k £ N. Suppose that ^*T*M — > Sr is trivial. Then there exist Gromoll-Meyer 
pairs {W{-i),W{-i)-) of Cr at -f and {W{j^),W{j'')-) of Ckr at -f^ such that 

{^l^\wm,^\W{^r)) C {W{^^),W{^^r). (4.3) 

Proof. For each j G N, let 

(t)jr ■■ W^'^{Sjr, 5p (0)) ^ Hjr{a^) and Cjr = Cjr O (pjr (4.4) 

as in (^M) and (|3T0]) . They satisfy i^Mj, i.e. (pjr o tjj^ = ipi o (/)^ Mj £ N, where 
ip^ : Hr{a) Hjr{a^) and V^^' : W'^''^{Sr,W^) VFi'2(S'jv, M") are the iteration 
maps. Let 7 = (0t-)^-'^(7). Then (pj^il-') = T"' for any j G N. 

Let II • \\r and || • Wkr denote the norms in ^^^'^(5^, M") and W''''^{SkT-,^^) respec- 
tively. By the construction on page 49 of |Chj. we set 

W{^) := C-'^[c- e,c + e] n {x G VF^'2(5^, M") | A£^(x) + ||x||? < 

W{j)- :=C^(c-e)n{xG VF^'2(5^,M")|A£^(x) + ||x||2 <^}, 

W{f) := C^^[kc - ke, kc + ke] n {y G W'^^Skr,^^ \ XCUv) + ||y||L < k^x], 

W{f)- := C^likc - ke) n {y G W^^^Skr,^"") \ XCkAv) + Ml < kfs}, 

where positive numbers A, fi, e and kX, kfx, ke are such that the conditions as in (5.13)- 
(5.15) on page 49 of [Chj hold. Then (^^(7), ^^(7)") and {W{^^),W{j^y) are 
Gromoll-Meyer pairs of Cr at 7 and of Ckr at 7'^, and 

{^pHwm,i^\wiir)) c {m'),wii')-)- (4.5) 

Define 

(iy(7),VF(7)-) := {MWm,MW{^)-)), 
(iy(7'=),H^(7')-) := {AriWi^^)),<PkriWij''y)). 

bmce (Pf,^ oijj'' = iP^ o (j)r, g3D follows from g3]). □ 

When 7 and 7^^ are isolated, according to the definition of critical groups in (j4.1|) it 
is easy to see that the iteration map Tp^ : Hr{oi) Hkr{(y^) induces homomorphisms 

: a(£„7;K) ^ a(£fc,,7^]K). 

Lemma 14.31 shows that the homomorphisms are still well-defined when the critical 
groups C*(£r, 7; IK^) and C*(£a;t-, 7*^; IC) are defined by (14. 2p . Later similar cases are 
always understand in this way. Our purpose is to prove: 
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Theorem 4.4 Let 7 6 Hr{a) be an isolated critical point of the functional Cr on 
Hr{a) such that ^*TM Sr is trivial. Suppose that for some fc S N the iteration 
is also an isolated critical point of the functional C^^ Hk.^{a^), and 

ml^{^^) = m~{-f) and 771^,(7'=) = (7). (4.7) 

Then for c = Cri^j) and any e > there exist topological Gromoll- Meyer pairs of Cr 
at J G Hr{a) and of Ckr at 7'^ G Hkrioi^), 

{Wr^W;) C {{Cr)-\c-e,c + el{Cr)-\c-e)) and 
{Wkr, W^^) C [{Cur)-\kc - ke, kc + ke], {Ckrr\kc - ke)) , 

such that 

(V'(l^r), /'(^D) C {Wkr. W^^) (4.8) 

and that the homomorphism 

{iP% : C,(£„7;]K) := H,{Wr,W- ■,K) 

^ a(£fc,,7^IK) := H,{Wkr,W-^;K) (4.9) 

is an isomorphism. Specially, (ip^)* = id, and (V''^)* ° (V'O* = (^'^')* if the iterations 
7' and 7^^' are also isolated, and 

mliril'') = <(V) = <(7) J ■ ^ ■ ^ 

When M = M", this theorem was proved by |Lo21 Th.3.7]. We shall reduce the 
proof of Theorem 14.41 to that case. 

Using the chart in (|4.4p let 7 = (</>,-) "^(7). Then 'y^ = [(pjr)~^{'y^) for each 
j G N. Then are isolated critical points of Cjr = Cjr o (pj-r in H^^'^(5jv, I^""), 
j = 1, A;, /, kl. Moreover, m~^{^^) = m~{'y) and m^^{'y^) = m^{'y) for j = k, I, kl. Let 
{W{j),W{j)~) and (1^(7'^), ^^(7'^)") be Gromoll-Meyer pairs of Cr at 7 and of 
at T''^, satisfying (|4.5p . Define 

a (£,, 7; IK) = (#^(7) , # (7)- ; K) , 
a{Cr,r,^) = H,{W{j),W{j)-;K), 

a {Ckr, 7^ IK) = (1^(7^=), 1^(7'^)- ; K) . 
Since (pkr o -ip^ = ij)^ o (j)r, we have {(pkr)* ° (^'^)* = (V'*^)* ° ('/'r)*- Clearly, 

{(pr)* ■ C*(£r,7;IK) C=K(£r,7;IK) and 
i^kr)* : a(4r,7';IK) ^ a(£fc,,7^IK) 

are isomorphisms. Hence we only need to prove that 

: a(4,7;IK) ^ C,(4r,7'';IK) (4.11) 
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is an isomorphism which maps generators to the generators. This is exactly one proved 
by [Lo2l Th.3.7]. Theorem 3.7 in [Lo2] also gives that (ip^)^ = id and (4^^)^ o (^i')^ = 
So other conclusions follow immediately. 
For later conveniences we outline the arguments therein. Let 

W''\Skr,M.") = M\%)®M{%)- ®M{^)+ 

be the orthogonal decomposition of the space W^''^{Skr,^'') according to the null, 
negative, and positive definiteness of the quadratic form £^^(7'^). The generalized 
Morse lemma ([Chi Th.5.1, pp. 44] yields a homeomorphism Q^^- from some open 
neighborhood JJur of in W^^'^{Skr,W) to QkriUkr) C R") with efc^(O) = 

7^=, and a map hr G (Ukr n M{^^f, M{^^)^'^ such that 

= akriv) + hrii) (4.12) 

for any ?? + ^ G [7^^ n {M{^^f © M{^k)^). (Note: /3fcr is C°°, aur is as noted 
at the end of proof of Theorem 5.1 on the page 44 of [Ch]. Carefully checking the 
beginning proof therein one can easily derive this from Lemma 14. 2p . It is easy to 
prove that 

i^\C',{x)) = C',,{i^\x)) and i:\C'^{x)0 = C'Ui:\x))i^\0 (4.13) 
for any r, G N, x G VF^'2(5^, 5;^(0)) and ^ G Tyi'2(5^, M"), and that 

aUi^Hr,)) = ka{r]) and ~Pkr{i^\i)) = kp^{i) (4.14) 
for any 7] £ Ur H M^{j) and ^ G f/r n M-L(7). 

Lemma 4.5 ( [Lo2l Lem. 3.2, 3.3]) The iteration map ip'^ : M*{j) M*{j^) 
for * = 0,—,+ is linear, continuous and injective. If m^^i^j^) = m7(7), the map 
tp'' : M-(7) ^ M-(7*=) is a linear diffeomorphism. If m^ri'y^) ~ ^'^(t); then the 
map tj)^ : M^['y) M^(7'^) is a linear diffeomorphism, and Ukrj ^he homeomorphism 
Gfcr and map hkr G (j-^kr H M(7'^)'', Af(7'^')-'"^ are chosen to satisfy: 

Ukr n ^\W^^\Sr,W^)) = i'HUr), (4.15) 

o ^pf" = ^'^ o : ^ e^{U^ n M°(7'=)), (4.16) 
hkrii'Hv)) = i^Hhriv)) Vr?G f7,nM(7). (4.17) 

Let (Wo, Wq~) and {Wi, W^) be Gromoll- Meyer pairs of Or and /3r at their origins 
respectively. By Prop.3.5. 2°], (^^^(1^0), ■^''(W^o")) 

is a Gromoll-Meyer pair of 
Oikr at the origin. The Gromoll-Meyer pair (VFi,M^]~) can also be chosen to satisfy 

{ip''{Wi),i;''{W^))c{V,V-) (4.18) 
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for some Gromoll-Meyer pair {V,V ) of /J^r at the origin. By [Ch[ Lem.5.1. pp.51] 

{Wo X Wi, {Wo X TVf ) U {Wq X Wi)) , (4.19) 

(ip''{Wo) X V, {i;'{Wo) xV-)U {iPHWo ) x F)) (4.20) 

are Gromoll-Meyer pairs of dr + Pr and dfc,- + P^-j- at their origins respectively, and 
also satisfy 

UHWo X Wi),iP^{{Wo X t^f ) U (VFq- X W^i))) c 1 

; \ \ (4.21) 

(v''(^o) X V, {i'HWo) X y-) U (^'^(M^o") X ^)) • J 

Note that 

{Wr,W-) := (Wo x Wi, {Wo x Wf ) U {W^ x Wi)) , (4.22) 

{Wkr,W^r) ■■= ©fcr (v^'(Wo) X (Vi''(^o) X V-) U (^^^=(^0-) X F)) (4.23) 

are topological Gromoll-Meyer pairs of Cr at 7 and Ckr at 7'^ respectively. Let 

C,{dr + Pr,0; K) := H^Wo x Wi, (Wo x Wf ) U (Wq x Wi); K), 
a(£^,0;]K) := F,(W^, W~; K), 

C.(afc. + /3fc.,0;]K) := (^^'^(Wo) x V,{^p''{Wo) x F") U (^^'(Wo-) x y);^) , 
a(£fcr,0;]K) :=F,(Wfc„Wfc-;K). 

We have the isomorphisms on critical modules, 

{Qr)* : a{ar + Pr,0;K) ^ C,{Cr,f,^), 

By ()4.2ip we have a homomorphism 

(V^'^)* :C*(d, + /3,,0;K) ^C,(dfc, + /3fc,,0;K). (4.24) 
Moreover, ([iJ6|) and (fOT]) show that 

(V;'(W,),Vi'(W-)) C (Wfc,,W,-) (4.25) 
and therefore the homomorphism 

(^*=), :a(£,,0;IfC) ^a(4r,0;]K) 

satisfy 

(Vi*^),o(e,), = (G,0,o(v;'=),. (4.26) 
Hence the problem is reduced to prove: 
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Lemma 4.6 The Gromoll- Meyer pairs (Wi,Wi ) and [V^V ) in Ii4.18 ) can be cho- 
sen such that 

: a{ar + Pr,0;^) ^ a{akr + Pkr,0;K) (4.27) 

is an isomorphism. 

Proof. For j = 1, k, decompose ^ e M{^j)-^ = M{jj)~ © M{^j)+ into ^ = ^" + ^+ 
and write 

Then /?~_ and are negative and positive definite quadratic forms on M(7j)~ and 
M(7j)^ with Morse indexes m~['y^) and respectively, j = l,k. The ()4.12p - (j4.14p 
imply 

p-^{i,^{c)) = kp;{r) and ^,^(^'^(e+)) = fc^-(e+) 

for any G M~(7) and G M''"(7). Since m^^i^j^) = m~{'y), by Lemma 14.51 
the map tp'' : Af~(7) ^ M~(7'') is a linear diffeomorphism. Let be a 

Gromoll-Meyer pair of /3~ at the origin. Then 

{^p''{Wn),^^'HW^,)) (4.28) 

is a Gromoll-Meyer pair of /?^^ at the origin. For 5 > sufficiently small, set 

Wi2 :=U+GM(7)+|||e+||. <5}, 
W{,:={teM{j)+\\\t\\r = S}, 

Vi2 :={e+GM(7'=)+|||e+IUr< 
V,,:={teM{^Y\U-'\\kr = Vk6}. 

It is easily checked that (1^12, VF^^) and {V12, V12) are Gromoll-Meyer pairs of and 
at their origins respectively, and that 

{i^HWi2),i^Hw,-2)) C {V^2,V{,). (4.29) 

By [Chi Lem.5.1. pp.51], we may take 

(VFi, W^) := {Wu X Wi2, {Wu x W^-^) U (VFfi x Wu)) , (4.30) 
(y,y-) := (^iP'^iWu) X ^12, (^^'^(H^ii) X ^12) U (^^'^(H^ri) X V12)) . (4.31) 

Then (Wo X Wi, {Wq x T^f ) U {W^ x TVi)) becomes {W, W^), and 

C,(a^ + /3^,0;]K) =F,(W,H^-;K), (4.32) 

where W := Wq >i Wu x M^i2 and 

W- := {Wo X {Wu X VFi^) U (VFfi x W12)) U (Wq" x Wu x VF12). (4.33) 

Moreover, {'tp''{Wo) x (^^''(Wo) x y-) U {i'''{WQ) x y)) becomes (C/, U'), and 

C,(Qfc, + /3fc,,0;K) =//,([/, [/-;K), (4.34) 
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where U = ■(/'''(Wo) x 'ip''{Wu) x V12 and 

U- = (V;'(Wo) X i^PHWu) X V,-^) U ii'HWn) x F12)) 

u(^^XM^o")x^'(^ii)x^i2)- (4.35) 

Note that ^P^^iW) = tp''(Wo) x tp'^iWu) x tp'^iWu) and 

V;'(W-) = (^"-(^^o) X i^p'{Wn) X V^''(Tyf2)) U i^p\W{,) x ^^^=(^12))) 

u(V;^(Wo-) X i^\Wu) X ^'=(^12)). (4.36) 

Since ip'' : M~^{'y) — > M'^(7'^') is a Hnear, continuous and injection, by (I4.29|) and the 
constructions of (V12, V^) and {Wu, W^^) is readily checked that (^ijj'' (Wu) , ijj^ 
is a deformation retract of {V12, V{^). It follows that 

{'4!''{W),ip^{W-)) c {u,u-) 

is a deformation retract of {U, U~). Hence 

ii''')^ :H^{W,W';K) H^{U,U- ■,K) 

and therefore, by (j4.32p and (j4.34p . the homomorphism {ip^)^, in (j4.27p is an isomor- 
phism. 

We may also prove the conclusion as follows. By the arguments at the middle of 
[Chi pp. 51] we can use Kiinneth formula to arrive 

C,{ar + Pr,0; K) = H,{Wo, W^;K) (g) 

(Wn, ■,K)(S)H, iWi2 , VFfs ; K) , (4.37) 
{akr + Pkr,0;K) = (V^' (Wo), i^'' {W^ ) ; K) ® 

H,{iP\Wii),iP''{W{-^);K) (S) H,iVi2,V^-2;K). (4.38) 

Now m^^i^j^) = m~(7) and m^^(^^) = m^{'y) imply that 

i^p'^), : H,{Wo,Wq;K) ^ H,{^p''{Wo),i^^{W-y,K), 
: H,{Wii,W^^;K) ^ H,{ij\Wii),^\W^^)-X) 

are isomorphisms. Since {}p^{Wi2),ip^{W^2)) is a deformation retract of {Vi2,V^) as 
above, it follows that 

: H,{^\Wi2),4>HW{2)-¥) ^ H,{Vi2,V^2-^^) (4.39) 

is an isomorphism. By (j4.37p and (j4.38p we get the proof of Lemma 14.61 □ 

For (Wr,W-) in (021) and (Wkr,Wp:^) in (|03]) . where the Gromoll-Meyer pairs 
(Wi,VF]~) and {y,V^) in (|4.18p are also required to satisfy Lemma WM Set 

{Wr, W-) := {<Pr{Wr),(Pr{W-)) and {Wkr, W^^) := {<Pkr{Wkr),4>kr{W^r)). 
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Since ^kr o = o <^^, by (11:25]) we have {il;^{Wr),iJ^{W-)) C (VFfc^, W^") and 
that the homomorphism 

: H,{Wr,W-;K) ^ H,{Wkr,W^^;K) 

is an isomorphism. Consequently, {Wr,W~) and (W/fcr^W^fcr) desired topological 
Gromoll-Meyer pairs. 

The other conclusions are also easily proved. So Theorem 14.41 holds. □ 

4.2. In this subsection we always assume: M is C^-smooth, L is C^-smooth and 
satisfies (L1)-(L4). Let 7 € EH-r be an isolated critical point of the functional on 
EHr, and 

<Pt:EW^'^{Skr,B^{0))^EHkr and £^ = £,.,0 0^, (4.40) 

be as in (l3:29D and (l3:32|l for each A; G N. They satisfy (l330l) . i.e. (/>f^ o-^^ = ^^o(f)^ 
for any G N, where V''^ : .B-ffr ^ EHkr and 

are the iteration maps. Let 7 = ((/>^)~^(7) and thus (p^^i^j^) = for any A; G N. 
Suppose that 7*^ and therefore 7*^ are also isolated. Denote by 

the critical module of C^^ at 7^^ via the relative singular homology with coefficients 
in K, where {W{'y^)E,W{'y^)~^^ is a Gromoll-Meyer pair via some pseduo-gradient 
vector field of Cg near 7^= in EW^^^{Skr,'^'')- Let 

Wi'2(Sfc.,M") = M0(7fc)s © M(7fc);^ e M(7)+ 
= M^{%)e © M(7fc);^ 

be the orthogonal decomposition of the space EW^'^iSkr,^'^) according to the null, 
negative, and positive definiteness of the quadratic form {Cg)"{^). As above we 
can use the generalized Morse lemma to get a homeomorphism Qg from some 
open neighborhood of in EW'^''^{Skr,^'') to Qkri^kr) ^ -^^^^'^(^fe^, M") with 
Gf^(O) = 7^=, and a map hg G C^{Ug n M{^^)%, M{^^)^) such that 

= «f.(^) + /3f.(e) 

for any t] + ^ e Ug D {M{^^)% © M{%)^), where and ag are respectively C°° 
and as noted below (j4.12p . Then Qg induces isomorphisms on critical modules, 

(ei), : a(df, + 4^,,0;K) - C.(£fr,7';IK). (4.41) 

Note that 

(M^(7')E,Ty-(7^)^) := (<^f,(W(7'=)E),C(^-(7')E)) (4.42) 
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is a Gromoll-Meyer pair of C^^ at 7^. Define the critical modules 

a(£f,,7^K) ■.= H,(W{-i'^)E,W~{^^)E;^). (4.43) 

Then corresponding to Theorem 14.41 we have the following generalization of |LuW2t 
Lemma 4.1]. 

Theorem 4.7 Let 7 G EH^ he an isolated critical point of the functional on 
EHr- If the iteration is also isolated for some A; G N, and 

^IkA^'') = ^Iri^) and ml^^ij'') =ml^{j), 

then for c = and any e > there exist topological Gromoll-Meyer pairs of 

at'jG EHr and of at 7*-' G EHkr, 

{Wr,W-) C ((£f)-i[c-e,c + e],(£f)-^(c-e)) and 
{Wkr, W^^) C {{ClrHkc - ke, kc + ke], {Clr\kc - ke)) , 

such that 

{^''{Wr),^I^HW-)) C {Wkr,W^r) (4.44) 
and that the iteration map ip^ : EHr —>■ EH^j. induces isomorphisms 

{^^), : C,(£f,7;K) := H,{Wr,W- ■,K) 

^ C7,(£f,,7^K) := H,{Wkr,W^r'^). (4.45) 

Specially, (V'^)* = id, and {4^^)* o (-0')* = (V''^')* iterations 7' and 7^^' ore afeo 

isolated, and 

"^i;fc/r(7*^0 = ™r,Zr(V) = ml^il), 1 
"^l,Hr(7''0 = "^?,/r(7') = "il,r(7) J ' 

4.3. Let us consider the case L is independent t. In this subsection we always 
assume: M is C^-smooth, L is C^-smooth and satisfies (L1)-(L3). The goal is to 
generalize [LoLuj Th.2.5] to the present general case. However, unlike the last two 
cases we cannot choose a local coordinate chart around a critical orbit. For r > 0, 
let Sr := M/rZ = {[s]r \ [s]r = s + rZ, s G M} and the functional Cr ■ Hr{a) ^ R be 
still defined by (|1.14p . By |KH Chp.2, §2.2], there exist equivariant and also isometric 
operations of Sr-action on Hr{a) and TH.j-{a): 



[s]r ■ lit) = 7{s + t), y[s]r G 5^, 7 G Hria), 
[s]r ■ m = ({s + t), y[s]r G S,, e e T^Hria) 



(4.46) 



which are continuous, but not differentiable. Clearly, is invariant under this action. 
Since under our assumptions each critical point 7 of Cr is C^-smooth, by jGM21 p. 
499], the orbit S",- • 7 is a C^-sub manifold in Hr{ct). It is easily checked that ■ 7 
is a C^-smooth critical submanifold of Ct- Seemingly, the theory of [Waj cannot be 
applied to this case because the action of Sr is only continuous. However, as pointed 
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out in the second paragraph of |GM2t pp. 500] this theory still hold since critical 
orbits are smooth and Sr acts by isometrics. 

For any fc S N, there is a natural fc-fold cover (^^ from Skr to Sr defined by 

■■ [s]kT ^ [s]t- (4.47) 

It is easy to check that the 5,— action on HT-{a), the 5'feT--action on Hj^r{o!^)j and the 
k-th. iteration map xp^ defined above (j3.9p satisfy: 

(4.48) 



for ah 7 e Hr{a), /c e N, and s G M. 

Let 7 E Hria) be a non-constant critical point of with minimal period r/m for 
some m G N. Denote by O = 5"^ • 7 = S^-Zm " 7- It is a 1-dimensional C'^-submanifold 
diffeomorphic to the circle. Let c = Cr\o- Assume that O is isolated. We may take 
a neighborhood U of O such that JC{Cr) CiU = O. By (j4.1|) we have critical group 
C*(£t-, O; IC) of /^T- at O. For every s E [0, r/m] the tangent space Ts.'y{Sr • 7) is 
R(s • 7)', and the fiber N{0)s-y at s • 7 of the normal bundle N{0) of O is a subspace 
of codimension 1 which is orthogonal to (5-7)' in Ts.jHr{a), i.e. 



N{0)s.j = {e G Ts.^Hria) I {s ■ jY)), = 0} . 

1.0 



Since Ht^o) is C"^-smooth and O is a C^-smooth submanifold, N{0) is C^-smooth 
manifold. |1| Notice that N{0) is invariant under the 5",— actions in (j4.20p and each 
[s]r gives an isometric bundle map 



N{0) ^ N{0), (z, v) ^ i[s]r ■ z, [s]r ■ v). (4.49) 

Under the present case it is easily checked that Cr satisfies the Assumption 7.1 on 
the page 71 of [Ch], that is, there exists e > such that 

(t{C"{x)) n ([-e, e] \ {0}) = 0, dimker(£';(x)) = constant (4.50) 

for any x £ O. Then Lemma 7.4 of \Ch\ pp. 71] gives the orthogonal C^-smooth 
bundle decomposition 

N{0) = N{0)+(BN{0)- ®N{Of, N{0)* = P^N{0) (4.51) 

for * = +,-,0. Here P* : N{0) N{0)*, * = +,0,-, are orthogonal bundle 
projections. Each N{0)* is a C^-smooth submanifold. It is not hard to check that 
C'r and C'l- satisfy 

C'A[s]r-x) = [s]r-C'Ax) and C'^{[s]r ■ x){[s]r ■ = [s]r ■ {C'^{xm) 

for all X £ Hr{a), ^ G TxHr{a) and [s\r € S-r- It follows that the bundle map (j4.49p 
preserves the decomposition (j4.5ip . In particular, we obtain 

(rankiV(C')",rankAf(C')°) = (m^(x),m°(x) - l) Vx G O, 



"'^This is the reason that we require higher smoothness of M and L. 
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where (x) and m^{x) are Morse index and nullity of Ct at x respectively. Define 
(m;(0),m°(0)) := (rankiV(O)-, rank7V(0)°) . (4.52) 

Then 

(m;(C'),m°(C')) = (m;(x),m°(x) - l) Vx G O. (4.53) 
For a single point critical orbit O = {7}, i.e., 7 is constant, we define 

(m;(O),m0(O)) := (m;(7), mO(7)) . (4.54) 

Note that for sufficiently small e > the set 

NiO){e) :={iy,v)eNiO)\yeO, \\v\\, < e} 

is contained in an open neighborhood of the zero section of the tangent bundle 
THr{a). By (KB Th.1.3.7, pp. 20] we have a C^-embedding from N{0){e) to an 
open neighborhood of the diagonal of Hr{a) x Hria), 

N{0){e) Hr{a) x i?^(a), {y,v) ^ {y^expyv), 

where exp is the exponential map of the chosen Riemannian metric on M and 
{ex.pyv){t) = expj^(j)u(t) yt G M. This yields a diffeomorphism from N{0){e) 
to an open neighborhood Qe{0) of O, 

: iV(0)(£) ^ Qe(0), t;)(0 = expj^(,) v{t) Vt G M, (4.55) 

(Note that it is not the exponential map of the Levi-Civita connection derived the 
Riemannian metric (( , ))r on Hr{a).) Clearly, 

^-,(^,0) = yVy G O and -^riW ■ vA^V ■ v) = [s], ■ -^riv^v) (4.56) 

for any {y,v) G N[0){e) and [s\r G 5,-. It follows that Qi,{0) is a S'T-invariant 
neighborhood of O, and that is Sr-equivariant. We also require e > so small 
that Qe{0) contains no other critical orbit besides O, and that '^r{{y} x N{0)y{£)) 
and O have a unique intersection point y (after identifying O with the zero section 
N{0){£)). Then C-r o '^T\N(o)y{£) possesses y as an isolated critical point. Checking 
the proofs of Theorem 7.3 and Corollary 7.1 in |Chl pp. 72], and replacing / o exp 
and exp^(pro therein by Cr o ^T\N{0)^{e) and ^T\N{o)^(e) ° 4>x for x G O, one easily 
gets: 

Lemma 4.8 For sufficiently small < e < e, there exist a Sr-equivariant homeo- 
morphism from N{0){e) to a Sr-invariant open neighborhood fie(C') C Qe(C') of 
O, and a C^-map K : N{Of{e) N{0)+{e) N{0)-{e) such that 

Cr o ^r{y,v) = \ {\\PAv)vfx - ll^'-(y)^'ll?) 

for {y,v) G N{0){e), where P^, is as in ^.51\). 



34 



Let N{0)^{e) = N{0)+{e) N{0)-{e) and write v = v'^ + v^. Set 
Er{y,v^)='^{\\P^{y)v\\l-\\P^{y)v\\l), \ 



(4.57) 



for {y,v) G N{0){e). Then define Fr : N{0){e) ^ R by 

Fr{y, v)=CrO v) = Tr{y, I'") + Er{y, v^) (4.58) 

for all {y,v) G N{0){e). (Note: Though we require the higher smoothness of M and 
L we do not know whether or not Cr has higher smoothness than order two unlike 
the special L considered in [Lo2] . Hence from |Chl Th.7.3, pp. 72] we can only get 
that $T- is a homeomorphism. However, N{0){e) is a C^-bundlel and therefore 

both Er and are (4.59) 



By the local trivialization of N{0){e) the final claim can be derived from Lemma 14.21 
and the proofs of [Chi Th.5.1, pp. 44] and ^h, Th.7.3, pp. 72].) Clearly, both 
and Ht- are also S",— invariant, and have the unique critical orbit O in N{0)-^{e) and 
N{0)^{e) respectively. Since F^- is C'^-smooth, we can follow [Wa] to construct a 
Gromoll- Meyer pair of O as a critical submanifold of Fj- on N{0){e), 

{W{0),W{0)-). (4.60) 

(Note that different from |Wa| the present S'T-action on N{0){e) is only continuous; 
but the arguments there can still be carried out due to the special property of our 
S'r-action in (j4.20p and the definition of F-j-.) In the present case, for any y O, 
Fr\]\[(^0)y{e) has a unique critical point y in N{0)y{e) ( the fibre of disk bundle N{0){e) 
at y), and 

{W{0)y, W{0)-) := {W{0) n N{0)y{el W{0)- n N{0)y{e)) (4.61) 

is a Gromoll-Meyer pair of i*V|Afy(c')(e) at its isolated critical point y satisfying 

(Ty(0)[,]^.„ W^(0)f,]^.,) = [[s]r ■ W{0)y, [s]r ■ W{0)-) (4.62) 

for any [s]r G Sr and y £ O. Clearly, 

{WiO)),WiO)-)) := {<l>riWiO)),<l>r{WiOr)) (4.63) 

is a topological Gromoll-Meyer pair of Cr at O, which is also ST-invariant. Define 

C^{Cr,0;K) := H^{W{0)),W{0)-;K), (4.64) 
C^{Fr,0;K) := H^{W{0),W{0)-;K) (4.65) 

via the relative singular homology. induces an obvious isomorphism 

{<^r)* ■■ C4£r,0;K) ^ C^{Fr,0;K). (4.66) 



^The requirements of the higher smoothness of M and L is used to assure this. 
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Since the normal bundle N{0) is difFerentiably trivial, it follows from [Wat (2-13), 
(2.14)] (cf. also the shifting theorem in [GMl] and [Ch]) that for any G {0} U N, 



Fr 



N{0)y{e) 



c 



Fr 



q-l-m~{0) 



7V(0)«{e) 



N{O)0{e) 



Here C 



g-l-m~(0) 



(i*V|^(0)O(^), y; IK) is independent of the choice of y ^ O = Sr ■ 



Taking y = 7 we obtain 



(4.67) 



Suppose that Tp^{0) = Skr • t'^ is also an isolated critical orbit of the functional 
Ckr on Hkr{a^) for some k £ N. Our purpose is to study the relations between 
critical groups C*{£r,0;K) and C^,{CkT,'4^''{0);K). 

Let N{SkT ■ 1^) be the normal bundle of Skr ■ 7'^ in Hkrio.^) and 

N{Skr-i''){e) = {{y,v)GN{Skr-i'')\yeSkr-i\ ll^lli <4- 
Corresponding to (j4.5ip there exist natural orthogonal bundle decompositions 

iv(/(0)) = iv(/(o))+ e iv(/(o))- e iv(v'=(o))°, (4.68) 

N{i^\0)){e) = N{i^\0))+ie) iV(V/'(0))~(e) ® N{i^\0)f{e), (4.69) 

where N {iP^ {0))+ (e) = N{^p''{0)){s) n N{ip^{0))* for * = +,-,0. 
It is not hard to check that 

V'^(7V(0)(e)) CiV(5,.-7')(^e) and ij^NiO)* {e)) C N{Skr ■ l')* (4.70) 

for * = +, 0, — . By shrinking e > we have also a C^-smooth Sr-equivariant diffeo- 
morphism from N{SkT-'l^){Vke) to a Sfcr-invariant open neighborhood Q^^{SkT-l'^) 
of •7^ 



^kr{y,v){t) = expy(i) v{t) Vt G M. 



(4.71) 



With the same arguments as above Lemma 14. 8[ by furthermore shrinking < 
e < e, there exist a S'fcr-equivariant homeomorphism from from N{ip''{0)){V^e) 
to a 5fc^-invariant open neighborhood r2^^(V''^(C')) C Q^^{i'''{0)) ofip''{0), and a 
C^-map 

hkr : N{^lj^{0)f{^e) ^ N{^^{0))+{Vke) N {^\0))- {Vke) 



such that 



(4.72) 
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for (y,v) G iV(V'*^(C'))(\/A?e), where € N {^j'' {O))^ (Vke) = N {tP^ {0))+ (Vke) © 
N{^p''{0))-{^/ke) and 

Ekriy,v^) = ^{\\v+\\i-\\v-\\i), 

have the similar properties to (j4.59p . As in (j4.58p we define a S'^^-invariant, C^- 
smooth function Fj,^ : N{^|)^{0)){^/ke) ^ M by 

Fkr{y, V) = Ckri^kriy, v)) = TkriV, ^^°) + ^kriv, V^). (4.74) 

It has the unique critical orbit ^'''(0) in N{'tlj''{0)){y/ke). Note that (|i35]) and (fiTT]) 
imply 

^kT°i^'' = i^'' o'^T- (4.75) 
As in [LoLut Prop. 2.3], we can suitably modify the proof of |Lo2l Lem. 3.3] to get: 

Lemma 4.9 Suppose that ml^{i/j^ {O)) = m^{0). Then: 

(i) The maps hj- and satisfy 

hkM^'ip)) = ^HKip)), Vp = iy,v) e NiOfie). (4.76) 

(ii) The homeomorphisms and satisfy 

o ijj'' = ijj'' o^^ (4.77) 

as maps from N{0){e) to HkT{a^). 

(iii) For q G N{O f{e), p G N{0)-^{e), there hold 

Tfc.(/(g)) = kTriq), Ekrii^'^ip)) = kErip). (4.78) 

Indeed, the key in the proof of |Lo2l Lem. 3.3] is that the maps hr and hkr are 
uniquely determined by the implicit function theorem as showed in the proof of the 
Generalized Morse lemma [Chi pp. 44]. It follows from (|4.78p that 

FkrOlP'' = kFr. (4.79) 

By the construction of the Gromoll- Meyer pair in [Waj we can construct such a pair 
of Ffc^ at V''(0) on N{ij^{0)){Vke), (VF(^'=(0)), W^(V'^(C')) such that 

(?/^^(VF(0)), 4^''{W{0)-)) C {W{i^''{0)), W{ij^{0)r) (4.80) 

for the pair {W{0),W{0)-) in Ml . Set 

{W{^''{0)),W{i;HO))-) ■■= {'^kr{W{^''{0))),^kr{W{i;HO)r)), (4.81) 
which is a topological Gromoll-Meyer pair, and 

C,{Ckr,i^HO);K) :=H,{W{i;HO)),W{ij\0))-; K), (4.82) 
a{Fkr,ijHoy,K) := H,{W{tl;''{0)),W{ij''{0))-; K). (4.83) 
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It follows from (f477ll and KEOh that 

{tP''{W{0)),i;''{W{Or)) C (ty(/(0)),W^(/(0))-) (4.84) 

and that t/j^ induces homomorphisms 

ii;''), : C,{£r,0;K) ^ C,{/:kr,4^\Oy,K), (4.85) 

(^'=). : a{Fr,0;K) ^ a{Fkr,i'Hoy,K) (4.86) 

satisfying 

(^*^)* o ($,), = ($fc,), o (V;*^), (4.87) 
because of (|4.77p . By (j4.66p and the isomorphism 

(^>fc,), : a{Ckr,^p\0);K) ^ C,{Fkr,^\0)-K) (4.88) 

we only need to prove: 

Lemma 4.10 The Gromoll-Meyer pairs in 14- 8C^ can he chosen so that the homo- 
morphism in ^^^86) is an isomorphism provided that 



mkMHO)) = {O) and m^,(V'^(0)) = m0(O). (4.89) 
Proof. By K58h . K72h and (irai) we have 



(4.90) 



We shall imitate the proof of Lemma 14.61 to prove that the homomorphism 

ii^''), : C,{Tr + Er,0;K) ^ CiTkr + ^kr,i^Hoy,K) (4.91) 
is an isomorphism. 

Let {Wo{0),W^{0)) be a Gromoll-Meyer pair of at O C N{0)^{e). Since 
([i:89|) implies that ip'' : N{0)^{e) N {ip'^ {O))^ {Vke) is a bundle isomorphism. 
Hence 

is a Gromoll-Meyer pair of T^.^ at ^''(C) C N {ip'' {0)f {y/ke) . For j = l,k let us 
write iV(V'^ (0))^ = N{i;^{0))+ iV(V'^'(C))" and 

N{^^{0))^{^e) = N{i^\0))+{y^e)®N{i;^{0))-{y^e), 
^jriy^v-^) = E'^^{y,v^) + Ejr{y,v~), y-^ = + v~ . 

By ([OH]) , for p G N{0)^{e), there hold 

El{^''{p)) = kEt{p). (4.92) 

Let (W^ii(C'),Ty{^(C')) be a Gromoll-Meyer pair of H" at O C N{0)-{e). Then 

(V''^(H^n(0)),V'=(i^fi(0)) (4.93) 
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is a Gromoll-Meyer pair of H^^ at Tp'^{0) C N{ip''{0)) (Vke) because (I4.89j) implies 
that : N{0)~{e) N [iIj'^ {0))~ {\/ke) is a bundle isomorphism. For < (5 <C e, 



set 



Wi2 := {{y,v) e N{0)+{e)\\\v\\r <5], 
W{^:= {{y,v) ^ N{0)+{e)\\\v\\r = 5], 
Vi2 ■■= {{y,v) G iV(V'(0))+(e) I II^IU. < Vk5], 
■■= {{V,v) e iV(V'(0))+(e) I II^IU. = Vk6}. 



Then (1^12,1^12) (resp. (^42,^^12)) is a Gromoll-Meyer pair of (resp. H^^^) at 
O C iV(C')+(e) (resp. ip^{0) C iV(^^(C'))+(^/A?e)), and that 

(iPHWi2),4^HW{2)) C (^12,^12)- (4.94) 
By Lemma 5.1 on the page 51 of |Ch| . we may take 



Wi{0) ■.= WuiO)(BWi2, 

W{iO) := iWu{0) e W{2) U (VFn(O) ® ^12), 

y :=^'^(H^ii(0))eyi2, 

:= iij^iWuiO)) e ^12) U (V'(VFfi(0)) © V12) 

and get a Gromoll-Meyer pair of + at O C N{0){e), {W{0),W{Oy ), where 

W{0) :=Wo{0)®Wn{0)®Wi2, (4.95) 
VF^(O) := {Wo{0) © [(1^11 (O) © W{-^) U (W^n(O) © 1^12)]) 

u{WoiO)eWuiO)eWi2)- (4.96) 

Therefore 

C7,(T^ + S^,0;]fC) = H4W{0),W~{0);K). (4.97) 

Similarly, we have a Gromoll-Meyer pair of Tfe^+Hfc^ at 4)^(0) C iV(^''(C'))(\/fce), 
(W^(V'*^(C>)),VF(V'^(0))-), where 

W{ij\0)) := ij\Wo{0)) © V'(VFii(0)) © Vu, 

W-{i;''iO)) := (/(H^o(O)) [(V'(Wii(0)) ® VI2) U {^''{W{,{0)) © ^12)]) 
u(V'=(VFo-(0)) © ^^=(1^11(0)) © Vu). 

It follows that 

C^Tkr + Ekr,^ljHoy,K) = H,{W{i^''{0)),W'{ij''{0));K). (4.98) 
Note that ■tP''{W{0)) = ip^{Wo{0)) © ^*^(VFii(C')) © ^''(^^12) and 

V.'=(Ty-(0)) = (v^'=(Tyo(0))©(V''(W^ii(0))©V''(W^f2)) 

U(V''=(M/fi(0))©V'(VFi2))) 

U(V'*^(WV(0)) © V'''(W^ii(0)) © i^HWu))- (4.99) 
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Since : N^{0) {tfj'' (O)) is a continuous bundle injection, by (I4.94p and 

the constructions of {Vi2,V^) and (W^i2,V7]^) above (j4.94p it is readily checked that 
[ip'' (Wu) , ip'' {W{~2)) is a deformation retract of {Vi2,V^). It follows that 

{'iP\W{0)),^''{W-{0))) C {W{i:^{0)),W-{'4/''{0))) 

is a deformation retract of {W{ip''{0)),W~ {'ip'^{0))) . Hence 

{il;''%:H,{W{0),W-{Oy,K) H,{W{i/''{0)),W~ {i^''{0));K) 

is an isomorphism. Therefore, by (j4.97p and (j4.98p . the homomorphism (V''^)* in 
(j4.9ip is an isomorphism. Lemma 14.101 is proved. □. 

When 7 is constant, i.e. O = S*,- • 7 is an isolated critical point, this case has been 
proved in Theorem 14.41 Combing this with Lemma I4.10[ and (|4.66p and (|4.88p we 
get 

Theorem 4.11 For an isolated critical submanifold O = Sr ■ 'J of Cr in Hr{ot), 
suppose that for some A; G N the critical submanifold ip'^iO) = '^kr ■ 1^ of Ckr in 
Hkrio'-^) is also isolated, and that is satisfied, i.e. 'm^^{SkT- ■ j^) = m^{Sr ■ 7) 

and m\^{SkT ' 1^) = rn^{Sr ■ 7). Then for c = Ct\o cind small e > there exist 
topological Gromoll- Meyer pairs of Cr at O C Ht{oi) and of C^r CLt ip^{0) C Hkr{a^) 

{W{0),W{0)-) C {{Crr\c-€,c + €],{Cry\c-e)) and 
(iy(V'(0)),i?(V'(0))~) C {{£kr)-Hkc-ke,kc + ke],{£kr)-'{kc-ke)), 

such that 

{^pHwm,^l/''{W{Or)) C {W{i/HO)),W{i/HO)r) 
and that the iteration map ip^ : Hr{oi) HkT-{a^) induces an isomorphism: 

il;^ : C,{Cr, O; K) := {W{0),W{0)- ; K) 

C,{Ckr,i^Hoy,K) := H,{WiijHO)),Wii/HO)r;K). 

Lemma 4.12 Suppose that Cq{£r, O; K) / for = Sr-J- Then 

q-2n<q-l-m'^r{0) <m:;{0) <q-l (4.100) 

if O is not a single point critical orbit, i.e. 7 is not constant, and 

q - 2n < q - m^^{0) < m-; {O) < q (4.101) 

otherwise. 

Proof. If 7 is not a constant solution, it follows from (j4.66p and (j4.67p that 

C,-i^m-io){FMo)^^{e),r,^) = Cq{Cr, O^K) + 0. (4.102) 

Since 7 is an isolated critical point of i^r |Af(C')0{e) in &nd A^(0)5J(e) has 

dimension 771^(0), we get 

< g - 1 - m-(C') < dimiV(0)°(e) = m°(C'). (4.103) 
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By (1453]) . m°(C') = m°(7) - 1 < 2n - 1. M.inop easily follows from this and M.in.Sp . 

If 7 is a constant solution, i.e. O = {7}, using the isomorphisms above (j4.1ip and 
([iT^ we derive 

Cg(a, + /3,,0;K)^ 7; K)^0, where ^ = 

On the other hand, (j3.1ip and the shifting theorem ( |GMlj and [Chi pp.50]) imply 

C,{ar + Pr,0;K)^ Cg_„-(^)(ar, 0; K). 

Since a,- is defined on a manifold of dimension 771^(7) < 2n, (j4.10ip follow immedi- 
ately. □ 



Lemma 4.13 Suppose that Cq{Cr,0;M.) ^ for O = Sr ■ ■ If either O is not a 
single point critical orbit and q > 1, or O is a single point critical orbit and q > 0, 
then each point in O is non-minimal saddle point. 

Proof. When O is a single point critical orbit and g > 0, the conclusion follows 
from |Ch[ Ex.1, pp.33]. Now assume that O is not a single point critical orbit and 
q> 1. For any y G O, by (|4.66p and the formula above (I4.67P we have 



C, 



1-j 



Cq-l Fr 



N(0)y{e) 



NiO)y{e) 

y;K 



y;K] 0Hj{Sr;K) 



Since y is an isolated critical point of inl- 



and g — 1 > 0, we derive from |Ch[ 
This implies that y 



N{0)y(e) 

Ex.1, pp.33] that y is a non-minimal saddle point of Fr 

is a non-minimal saddle point of on the submanifold ^r{]^{0)y{e)) C Hr{ct) (and 
therefore on Hr{a)). □ 



N{0)y{e) 



5 Proof of Theorem 1.1 



5.1. Proof of (i). For any r G N, let Hr{Q.^) denote the Hilbert manifold 
of l^i'2-loops 7 : M/rZ M representing . Since Fr(C(M/TZ, M; a'^); K) = 
i7^(C(M/Z,M;Q'=);]K) and the inclusion Hr{a^) ^ C{R/tZ, M; a'') is a homotopy 
equivalence, 

vankHr{Hr{a^);K) ^0 Vr, A: G N. (5.1) 

By |Be| the functional Cr on the Hilbert manifold Hr{a^) is C^-smooth, bounded 
below, satisfies the Palais-Smale condition, and all critical points of it have finite 
Morse indexes and nullities. In particular, the critical set 1C{Cr,oi^) of Cr on Hr{a^) 
is nonempty because Cr can attain the minimal value on Hr{a''). Clearly, for any 
r, /c G N we may assume that each critical point of Cr on Hr{oi^) is isolated. By 
contradiction we make: 
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Assumption F{a): (i) For any given integer k > 0, the system ( f j.6]) only possesses 
finitely many distinct, k-periodic solutions representing a'', (ii) there exists an integer 
ko > 1 such that for each integer k > ko, any k-periodic solution 7 of the system 
(1.6]) representing must be an iteration of some l-periodic solution 7 of the system 
( f representing a' with I < k^ and k = Is for some s £ N. 

Under this assumption we have integer periodic solutions % of the system ()1.6p of 
period Tj < ko and representing a"^', i = 1, • • • ,p, such that for each integer k > ko any 
integer /c-periodic solution 7 of the system ()1.6p representing must be an iteration 
of some 7j, i.e. 7 = 7' for some I G N with Wi = k. Set r := fco! (the factorial of ko) 
and 7i = 7^^''^% i = 1, • • • ,p. Then each 7^ is a r-periodic solution of the system (jl.6p 
representing a'^ . We conclude 

Claim 5.1 For any A; G N, it holds that 

/C(£fc,,a'=n = {7' \l<j<p}- (5.2) 

Proof. Let 7 G /C(£fc^,a'=^). Since kr > ko, by (ii) in Assumption F{a) we have 
7 = 7' for some / G N with hi = kr. Hence 7 = 7' = (t'j)'^^^^' = {ij^'^')^ = 7i- ^ 

Since M is not assumed to be orientable, it is possible that the pullback bundle 
7*TAf R/tZ is not trivial. However, each 2-fold iteration 7^, {-f^)*TM M/2rZ 
is always trivial. Note that (j5.2p implies 

/C(£2fc.,a''") = { il])" =7f \l<j<p}. (5.3) 
Hence replacing {71 • • • 7p} by {7^ • • • 7^} we may assume: 

j*TM^R/tZ, j = l,---,p, are all trivial. (5.4) 
Lemma 5.2 For each /c G N there exists 7^ G }C{CkT,Ci^^) such that 

CriCkr, 7fc; IK) / and r - 2n < r - m^^(7^) < m^^{j'f,) < r. 

Proof. Let ci < • • • < q be all critical values of £,-) I ^ P- Then kci < ■ ■ ■ < kci 
are all critical values of Ckr, k = 1,2, ■ ■ ■ . In particular, inf C^r = kci because Ckr is 
bounded below and satisfies the Palais-Smale condition. 

By ()5.ip . T:ankHr{HkT{ci^^);K.) > m for some m G N. Recall that a subset of an 
abelian group is defined to be linearly independent if it satisfies the usual condi- 
tion with integer coefficients, cf. [Mai pp. 87]. Take linearly independent elements 
of Hr{Hkr{oi'''^);K), Pi,-- - ,Pm, and singular cycles Zi,--- , Zm of Hkria^^) which 
represent them. Let S be a compact set containing the supports oi Zi, - - - , Z^. Then 
S C {CkT)b '■= {CkT < b} for a sufficiently large regular value b > kci. Note that 
Z\, - - - , Zra are also singular cycles of {CkT)h^ and that non-trivial K- linear combina- 
tion of them cannot be homologous to zero in {Ckr)b (otherwise the same combination 
is homologous to zero in Hkrid^'^).) Hence we get 

ranki7r((>CfcT-)fe; IK) > m > 0. 



42 



Take the regular values of Ckr-, ao < ai < ■ ■ ■ < ai = b such that ka € (aj_i,ai), 
i = !,■■■ ,1 By Theorem 4.2 of [00 pp. 23], 

Hr{{Ckr)a,,{^kr)a^-^;^)= Cr{Ckr , Z;K) . (5.5) 

CkTiz)=kci,dCkT{z)=0 

Since each critical point has finite Morse index, it follows from the generalized Morse 
lemma that each group CriCkr, z;M.) has finite rank, and therefore that 

ranki7^((£fcr)a, , (>CfcT)a,_i ; ^) < +00, i = 1, • • • ,1. 

By the arguments on the page 38 of [Ch] and the fact (b) on the page 87 of [Ma], for 
a triple Z CY C X of topological spaces it holds that 

iankHq{X, Z; K) < rankHq{X, Y; K) + rankHg^X, Y; K) 

if these three numbers are finite. It follows that 

0<m < rankHr{{CkT)b',^) 

= ranki7r((Ar)ap (-Cfcr)ao;IK) 
m 

< ^rankFr((^fcr)a,, (^fcT)a,_i;IK) < +00. 

i=l 

Hence TankHr{{CkT)ai,{^kT)a^-i;^) > 1 for some i. By ([53]) we get a 7^ G /C(£fcr, a''^) 
such that rankCr(£fcr, 7^; IC) 7^ and thus Cr.(£fcr, 7^; I^) / 0. Noting ()5.4p . we can 
use the isomorphism above (|4.1ip to derive 

Cr('Cfcr,7fc;IK) / 0, where 7^ = {(pkry^Wk)- 

Replaceing 7'' in (|4.12|) by 7^, and using the isomorphism above (|4.24|) . (j3.1ip and 
the shifting theorem ([GMl] and \Ch\ pp.50]) we get 

C,_^- 0; K) ^ ^(afcr + /?fer, 0; K) ^ afe, I'k,^) + 0. 

Since ol^t is defined on a manifold of dimension ?7ifc^(7^) < 2n, the desired inequalities 
follow immediately. □ 



Lemma 5.3 Without Assumption F{a), let 7 be an isolated critical point of Cr in 
Hr{oL^) such that ^*TM Sr is trivial. For every integer q >n-\-l, let k{q,'y) = 1 
if ih:,^ {j) = 0, and k{q,j) = ^j"^"^ ifm~{'j) ^ 0. Assume that 7'^ is also an isolated 
critical point of Ckr for some integer k > k{q,'y). Then 

C,(A,,7^K) = 0. (5.6) 

Proof. Let (p^r ■ W^''^{Sr, B^{0)) Hkria'^'^) be a coordinate chart on Hkria'''^) 
around 7'^ as in (j3.8p . Set 7 = {4>r)~^{'y)- Then 7^^ = {4>kT)~^(,l'') and m~(7) = 
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(7), ?7T,^(7) = m°(7) and rrij^^i^^) = mj^^{^^) and 771^^(7'^) = m\^{'^^). As in the 
proof of Lemma 15.21 by the isomorphisms above (|4.11|) and (j4.24p we have 

C7,(£,,,7^]K) - C,(4r,7';IK) 

= C,(afc, + A,,0;K) 

Here akr is defined on a manifold of dimension 771^^(7'^) < 2n. 

If m-(7) = 0, by (or (IXT8|) ) we have < ^,^^(7*=) < n - m^^(7'=). Hence 

- m-^{^^) >q-{n- mU^^)) > 1 + 7^0^(7'^). 

This gives Cg_^-^(^fc)(afc^, 0; K) = 0. 

If m^{j) > 0, by ()3.2p (or (jS.lSp ) we have krh~{'y) — n < m^^(7*^) and thus 

q - m'^^i'y'') < q - {km~{'^) - n) = q + n- krh~{j) < 

if A: > This also leads to C^_- . fe^(afcr, 0; K) = 0. □ 

So we immediately get the following generalization of Lemma 4.2 in [Lo2j . 

Corollary 5.4 Under Assumption F{a), for every integer q > n + 1 there exists a 
constant kQ(q) > such that for every integer k > kQ{q) there holds 

C,(£fc„y;K)=0 Vy G /C(£fc,, a'^^). 

Here ko^q) = 1 z/m;^(7j) = for all I < j < p, and 

\ Q ~\~ rt j 
koiq) = l + max\ , _ , , m7(7i) / 0, 1 < j < p ^ 
I lmr{7j)\ J 

otherwise, ([s] denotes the largest integer less than or equal to s). 

Indeed, by (j5.2p we may assume y = Ij for some 1 < j < p. Then Lemma 15.31 
yields the desired conclusion. 

Clearly, if r > n + 1 then Lemma 15.21 and Lemma 15.31 immediately give a contra- 
diction. Theorem I l.l( i) is proved in this case. 

In the following we consider the case r = n. 

Under Assumption F{a) we apply Lemma [5.2l to all k G {2™ | m G {0} UN} to get 
an infinite subsequence Q of {2™ | m G {0} U N}, some / G N and an 7 G {71, • • • , 7p} 
such that CniCkir,7''^;'^2) / 0, m~i^{-f^^) = m~{j^) and mli^i'j''^) = m^^{j^) for any 
k E Q. In order to save notations we always assume ^ = 1 in the following. That 
is, we have 7^^ G )C{CkT, a'^^) with 



C„(£fc„7^]K)^0, 

m~^(7*=) = m-(7), m°^(7'=) = m°(7) 



(5.7) 
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for any k £ Q. By Corollary 15.41 there exists ko > such that for any 7 € {71, • • • , 7p}, 

C7„+i(£fc„7^]K) = ykeQ{ko):={k€Q\k>ko}. (5.8) 

To avoid the finite energy homology introduced and used in [Lo2j we need to 
improve the proof and conclusions of Theorem 4.3 in [Lo2j . Let c = Cr{'j)- Take 
e > sufficiently small so that for each k G 'N the interval [k{c — 3e),k{c + 3e)] 
contains an unique critical value kc of C^t on Hf^T-{a^'^), i.e. 

£kr{lC{Ckr, a'n)n[k{c - 3e), k{c + 3e)] = {kc}. 

By Theorem 14. 4| for each integer k G Q we may choose topological Gromoll-Meyer 
pairs oi Cr at 7 and Ckr at 7'', {W{'y),W{'yy) and (1^(7'^), ^^(7^)") , such that 

{W{j),W{^r) C {{Crr\[c-2e,c + 2e])ACr)-Hc-2e)), (5.9) 
(H^(7^), ^^(7^^)^) C {{Ckrr\[kc - 2ke, kc + 2ke]), {CurY^kc - 2ke)) , (5.10) 

{i^\W{j)),i;'{W{^)-)) C {W{j'),W{j')-) (5.11) 

and that the iteration map V'^ : HT-{a) — > Hkr{oi^) induces isomorphisms 

(/), : C,(/:,, 7; K) = (VF(7), W{^)-; IfC) 

^ a(£fc,, 7^ K) = (VF(7'=), VF(7'=)- ; IC) . 

For j = l,k, denote by the inclusions 

i(c+2e)> (^ir)j(c-2e))> 
: ((£jr)j(c+2e)) (^jr)j(c-2e)) ^ ((Av)j(c+2e) ) (Av)j(c_e)) ) 
: ((£ir)j(c+2e)> (^jv)^(c-e)) ^ {Hjr,{Cjr)°(^c-e))- 

Hereafter B° denote the interior of B without special statements. The arguments 
above |Lo2l Th.4.3] show that 

(h^2 0h{), :if4W^(7^-),TF(7^r;IK) -i^4(£,0,(c+2.),(/:,r)°(e-e);If^)' 

are monomorphisms on homology modules. For j = l,k, we have also inclusions 

I, : (VF(7^), W)-) {{qrrH[jc-2je,jc + 2je]),{C,rrHjc-2je)), 
3, : {{/:,r)-H\jc-2je,jc + 2je]),iC,r)-Hjc-2je)) ^ (i/,., (£,0,W) • 

It is clear that 

3j o Ij = h{ o h{ oh{, j = l,k. (5.12) 

By (|5.1ip . we have also 

'^'^ O Ii = Ifc o V^'^ 

as maps from (^^(7), T^(7)~) to {{Ckry^{[kc - 2ke,kc + 2ke]), {Ckry^ikc - 2ke)) . 
So we get the following result, which is a slightly strengthened version of |Lo2l Th. 
4.3] in the case M = T". 
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Proposition 5.5 Under Assumption F{a), there exist a periodic solution 7 of 1^1. 0\l 
of integer period r and representing a, a large integer > 0, an infinite integer 
set Q containing 1, and a small e > having properties: For any k S Qiko) := 
{k E: Q\k > ko} there exist topological Gromoll- Meyer pairs (^^(7), M^(7)^) and 
(1^(7'^), 1^(7^)^) satisfying h5.S^) - [5Al\) such that for the inclusion 

the following diagram holds: 

/ Cn{Cr,T,^) C„(A.,,7^1C) 

HniHkMn, (A.r)fc(e-e);IK) ^ W,, (5.13) 

where c = Cr{'~i), (tp^)* is an isomorphism, and (jkr)* is a monomorphism among 
the singular homology modules. In particular, if uj is a generator of CniCrj^',^) = 
Hn{W{j),W{^y;K), then 

(ifcr)*o(V'')*(w) inWfc, (5.14) 

(jkr)* O (?/''')* (w) = (Jfc)* O (Ifc)^ O {lp'')^{uj) 

= (Jfc)*o(V'^')*o(Ii)*(w) inWfc. (5.15) 

It is (I5.15P that helps us avoiding to use the finite energy homology. 

The notion of a C^-smooth singular simplex in Hilbert manifolds can be defined 
as on page 252 of [Maj . 

Proposition 5.6 For r G N, c G e > 0, g > 0, and a -smooth q-simplex 

there exists an integer k{r]) > such that for every integer k > k[r}), the q-simplex 

r,^ ^ V''(r?) : (A^^A,) - {h,M'^), (£,.)°fc(,_,)) 
is homotopic to a singular q-simplex 

m : (A„5A,) ^ {iCkr)l^^_^), (^fcr)fc(,_,)) (5.16) 
with rf^ = rjk on dAq and the homotopy fixes rj^loAg- 

This is an analogue of jBK^ Th.l], firstly proved by Y. Long [Lo2l Prop. 5.1] in 
the case M = T". Proposition 5.1 in |Lo2| actually gave stronger conclusions under 
weaker assumptions: If the ^-simplex r] above is only a finite energy one (C^-smooth 
simplex must be of finite energy), then the simplex rj^ is finite energy homotopic to 
a finite energy g-simplex r/fc. Hence Proposition 15.61 can be derived with the same 
reason as in |Lo2l Prop. 5.1] as long as we generalize an inequality as done in Lemma 
A. 4 of Appendix. But we also give necessary details for the reader's convenience. 



46 



Proof of Proposition [5.6[ Recall that for paths a : [ai, 02] M and 5 : [61, 62] 
M with (7(02) = 6(hi) one often define new paths a^^ : [01,02] M by cr^-'^(t) := 
a{a2 + ai — t) and it * (5 : [oi, 02 + 62 — 61] —> M by cr * '5|[ai,a2] = ^'^d 

a * (^(t) := 5(t — 02 + 61) for t G [02, 02 + 62 — 

Given a C^-path p : [a,b] — > Ht^o^) and an integer A: > 3 we want to 
construct a path : [a, 6] — > /ffcrlo;^^) such that 

/9fc(a) = i}^{p{a)) and pfc(5) = 

Define the initial point curve (3p of p by 

It is C^-smooth. Following [Lo2l pp. 460] and [BKl pp. 381], for < s < (6 - a)/k 
and 1 < j < k — 2 define 

• pkia + S) = p{af'^ * (/3p|[a,a+fcs]) * + ks) * (^p|[a,a+fcs])~\ 

• pk{a+j{b-a)/k+s) = p{af~^~^*{l3p\[a,a+ks])*p{a+ks)*{l3p\^a,a+ks])*p{by*{Pp)~^, 

• Pk{b-{b- a)/k + s) = p{a + ks) * {Pp\[a,a+ks\) * p{bf~^ * (/3pl[a,a+M)~ • 
These are piecewise C^-smooth loops in M representing , and 

~p{a)=p{af-^ and p{b) = p{b) * p * p{^t'^ * Pp^ ■ 

For each u £ [a, b], reparametrising the loop pkiu) on M/Zcr as in |Lo2l pp.461] we get 
a piecewise C^-smooth loop pk{u) G H^ri'^^'^) and therefore a piecewise C^-smooth 
path pk : [a, 6] ^ Hk^{a^'^) with pfc(a) = ^''■(p(a)) = p(a)'' and = ilj^{p{h)) = 

p{b)K 

Replacing all the terms of powers of p{a) and p{b) by the constant point paths in 
the definition of pk above, we get a piecewise C^-smooth path j3p^k '■ [o-jb] — > H-ria). 
For s £ [a, b] and j = [k{s — a)/{h — a)], by the arguments of [Lo2l pp. 461], 

Ckr{pk{s)) = {k-j -l)£r{p{a))+jCr{p{b))+Cr{Pp,k{s)) 

< ik-l)Mo{p)+Miip) + 2M2ip), (5.17) 
where Mq{p) = max{£^(p(a)), Mi(p) = maxa<s<b \Cr{p{s))\ and 

M2(p)= f\L{s,pp{s),f}p{s))\ds. (5.18) 

J a 

Note that (L3) implies 

\L{t,q,v)\<C{l+\\vf) '^{t,q,v) eRxTM (5.19) 
for some constant C > 0. Therefore it follows from Lemma A. 4 that 

M2ip) = f\L{s,Pp{s),(ip{s))\ds 

J a 

< {b-a)C + C f |/?p(s)pds < (6- a)C + i-^Cc(/9). 
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This and (fSTTT]) yield 

lim sup max jCkriPkis)) < Mo{p). (5.20) 

fc— »+oo a<s<b K 

Next replacing |Lo2l Lem.2.3] by Lemma A. 4, and almost repeating the reminder 
arguments of the proof of |Lo21 Prop.5.1], we can complete the proof of Proposi- 
tion ES □ 

Lemma 5.7 ( [BKl Lem.l]) Let {X,A) be a pair of topological spaces and (3 a singu- 
lar relative p- cycle of {X,A). Let E denote the set of singular simpUces of (5 together 
with all their faces. Suppose to every a G a : A"? ^ X, < g < there is assigned 
a map P{a) : A'^ x [0, 1] ^ X such that 

(i) P{a){z, 0) = a{z) for z G A^, 

(ii) Pia)iz,t) = aiz) tfaiA'^)cA, 

(iii) P(a)(A^ X {!}) C A, 

(iv) P{a) o {e\ X id) = P{a o e\) forO<i<q. 
Then the homology class [/5] G Hp{X, A) vanishes. 

For the class uj in (jS.lSp . by the definition of Ii above (|5.12p we have 

(IiUlj) G Hn{{Cr)-\[c-2e,c + 2e]),{CrrHc-2ey,K). (5.21) 

Since both {Cr)~^ {[c — 2e, c + 2e]) and (£r)~^(c — 2e) are at least C^-smooth Hilbert 
manifolds, we can choose a C^-smooth cycle representative a of the class (Ii)^,(a;). 
Denote by S((j) the set of all simplexes together with all their faces contained in 
a. By [Ch^ Ex.1, pp.33] each in (j5.7p is a non-minimal saddle point of C^t on 
Hkria''^)- As in the proof of [CT Prop. 5.2] we can use Proposition 15.61 and Lemma 
A. 4 to get the corresponding result without using the finite energy homology. 

Proposition 5.8 There exists a sufficiently large integer k{a) > /cq such that for 
every integer k £ Q{k{a)) and for every /j, G S((j) with fx : A^ HT-{d^) and 
< r < n, there exists a homotopy P{ijj^{ii)) : A^ x [0, 1] Hkrict^'^) such that the 
properties (i) to (iv) in Lemma [5?7| hold for {X,A) = (^HkT{Q^'^),{Ckr)°k(^c-e)) ■ 

It follows that the homology class (Jfc)* o {ijj^)^ o {li)^{uj) G Tik vanishes. By 
(j5.15p . {jkr)* ° (V'*^)*(<^) = in Hk. This contradicts to (|5.14p . Therefore Assumption 
F(a) can not hold. Theorem 11.1 I f i) is proved. 

5.2. Proof of (ii). Since the inclusion ^ C(M/t7j, M) is a homotopy equiva- 
lence, and therefore rankffr(-E'r; IK) ^ for all r G N. Consider the functional C^t on 
Ekr- It has still a nonempty critical point set. Replace Assumption F{a) by 
Assumption F: (i) For any given integer k > 0, the system il.6\) only possesses 
finitely many distinct, k-periodic solutions, (ii) there exists an integer /cq > 1 such 
that for each integer k > ko, any k-periodic solution 7 of the system /il.6\) must be an 
iteration of some l-periodic solution 7 of the system ( fj.gj) with I < ko and k = Is for 
some s G N. 

Then slightly modifying the proof of (i) above one can complete the proof. □ 
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6 Proof of Theorem 



1.4 



The proof is similar to that of Theorem ll.il We only give the main points. Identifying 

M/rZ=[-i,5]/{-i,i}, let 

C(M/rZ, M)e := {x G C(M/rZ, M) | x{-t) = x{t) - r/2 < t < r/2}. 

We have a contraction from C(M/rZ, M)e to the subset of constant loops in (7(M/rZ, M)e 
which is identified with M: 

[0, 1] X C(M/rZ, M)e ^ C(M/rZ, M)^, (s, x) ^ Xs, 

where ^^(t) = x{st) for -r/2 < t < t/2. Since the inclusion C(M/TZ,M)e ^ -Ei?^ 
is also a homotopy equivalence, we get 

HniEHr-, Z2) = F„(C(M/rZ, M)e; Z2) = Hn{M; Z2) ^ (6.1) 

for any r > 0. Note that can always attain the minimal value on EHj- and 
therefore has a nonempty critical set 1C{C^). Under the conditions (L1)-(L4) we 
replace the Assumption F(a) in §5 by 

Assumption FE: (i) For any given integer A: > 0, the system possesses only 

finitely many distinct reversible kr-periodic solutions, (ii) there exists an integer 
fco > 1 such that for each integer k > ko, any reversible kr-periodic solution 7 of 
the system il.b]) is an iteration of some reversible W-periodic solution 7 of the system 
( fi.6j) with I < ko and k = Is for some s G N. 

Under this assumption, as the arguments below Assumption F(a) we may get an 
integer r G N and finitely many reversible r-periodic solutions of the system p.6p . 
71 • • • 7p, such that for any A: G N every reversible fer-periodic solution of the system 
()1.6p has form 7^^ for some 1 < j < p- Namely, 

/C(£fj = {7^ \l<j<p}. (6.2) 

Using the same proof as one of Lemma 15.21 we may obtain: 

Lemma 6.1 Under Assumption FE, for each /c G N there exists a critical point 'j'j^ 
of C^^ such that 

Cn(^fr> 7fc; ^2) / and -n<n- m? ^^(7^,) < m~^^(7^) < n. (6.3) 
Let feo = 1 if rh^rilj) ~ ^ ^o^' 1 < j < and 

"^r,r(7j) / 0, 1 < j <p| 

otherwise. Corresponding with Corollary 15.41 we have the following generalization of 
|LuW2l Lem.4.4]. 



ko = 1 + max ■ 



3n + 2 

2"ir.r(7i) 
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Lemma 6.2 Under Assumption FE, for any integer number k > ko, every isolated 
critical point z of Cf^ has the trivial (n + l)-th critical module, i.e. 

Cn+i{Cl,z;K)=0. 

Proof. Using the chart (j)^^ in (j3.29p let z = {4'^^)~^{z). We only need to prove 

C„+i(£fv,z;IC) = VA:>A:o. (6.4) 

Let z = 'yj and thus z = with 7j = {(f)f)~^{'jj). By (|4.4ip . it follows from Shifting 
theorem ( \Ch\ p. 50, Th. 5.4]) and the Kiinneth formula that 



because is a nondegenerate critical point of quadratic function /3^. If (|6.4|) does 
not hold, we get that < n + 1 — '^'^"^^(^i ) — "^i kri'^j ) because ^kr is defined on a 
manifold of dimension (7|). Note that 

mlkrilf) = <ri^Ll') = mlkrilf). 

We have 

^Ikri^L'fj) <n + l< m-,^{Cl,j^) + ml,^{£l,j^) (6.5) 
°^ ^Ikri^j) <n + l< m-,^(7|) + m%,{j^) (6.6) 
for any A: G N. By (IX^ 

m^,(£f,,7^) -2n< m-,^{Cg,j^) < m^,(£f,,7^) Vfc G N. 
Hence it follows from this, (j3.26p and (j6.5p that 

2A:m; (£f , 7^) - n < m-,,^(4r , 7') + "^fc.(^X, ) 
< 2m^^(£X,7i)<2n + 2. 

Therefore, when m.7r(7j) ~ "^t i^r ^Ij) > 0, k < [ 2^"^(^.) ] 1 which contradicts to 

When rh^ ^(7j) = m~{Cf,^j) = 0, (13:22]) and ([MD also give a contradiction. The 
desired (j6.4p is proved. □ 

Now as the arguments below Corollary 15.41 under Assumption FE we may use 
Lemma 16.11 to get an infinite subsequence Q of {2™ \m G {0} U N} and an 7 G 
{71 ) ■ ■ ■ ) 7p} such that 



C7„(£f^,7^Z2)/0, 

"^r,fcr (t'' ) = "T-r.r (7) , (7'' ) = m?^^ (7) 
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(6.7) 



for any k £ Q. By Lemma l6.2|, for any x € {71, • • • ,7p} we have also 

C7„+i(£f^,2;^]fC) = ykeQ{ko):={k€Q\k>ko}. (6.8) 

Then from Proposition 15.51 to the end of §5.1 we only need to make suitable replace- 
ments for some notations such as HjT-{a^'^), £jr by EHj^, Cj^ for j = l,k, and so 
on, and can complete the proof of Theorem II. 4[ 



7 Proof of Theorem 1.6 



7.1. Proof of (i). Denote by ICO{Cr, a^) the set of critical orbits of Cr on Hr{a^). 
It is always nonempty because Cr can attain the minimal value on Ht-{oi^). Clearly, 
we may assume that each critical orbit of Cr on Hr{oi^) is isolated for any /c € N. As 
in §5.1, by contradiction we assume: 

Assumption FT [a): (i) For any given integer k > 0, the system hl.O^) only possesses 
finitely many distinct, kr-periodic solution orbit towers based on kr-periodic solutions 
of lll.6\) representing a*^, (ii) there exists an integer ko > 1 such that for each integer 
k > ko, any kr-periodic solution 7 of the system lil.6\) representing must be an 
iteration of some Ir-periodic solution 7 of the system lll.6\) representing a' with I < ko 
and k = Iq for some q £ N. 

Under this assumption, there only exist finitely many periodic solution orbit tow- 
ers {s ■ 7^}^!^, ■■■ , {s- TplfciS of the system ([TUI) such that 

• 7i has period kiT < /cqt and represents a^^ for some /cj G N, « = 1, • • • ,p; 

• for each integer k > k^ any fcr-periodic solution 7 of the system (|1.6p representing 

must be an iteration of some s ■ 7^, i.e. 7 = (s • ^if = s ■ ^\ for some s S M and 
I £ N with Iki = k. 

Set m := kol (the factorial of /cq) and 7^ = 7™'''^% i = 1, - ■ ■ ,p. Then each is a 
mr-periodic solution of the system (jl.6p representing a*". We conclude 



Claim 7.1 For any A; € N, it holds that 

ICOiCkmr, a''") = { Skmr 'if \l<j<p}. 

Proof. Let 7 G lC{CkmT^o^^)- Since km > ko, then 7 = (s • 7^)' for some s G R 
and I G N with Iki = km. Hence 7 = s • 7' = s • (^^)'="^/'=« = s ■ (^™'/'^')'= = s ■ 7^ . □ 
Hence replacing r by mr we may assume m = 1 below, i.e. 

ICOiCkr, a') = {Skr-7^ \ l<j<p} VA: G N. (7.1) 
As in §5.1 we can also assume: ^*TM M/rZ, j = 1, • • • ,p, are all trivial. 
Lemma 7.2 For each A; G N there exists Ok G lCO{Ckr^ct^) such that 

C7,(£fc„Ofc;]K) /O. 

Moreover, r — 2n<r — 1 — m^^{Ok) < m^^{Ok) < r — 1 if Ok is not a single point 
critical orbit, and r — 2n < r — m\^{Ok) < m'^^iOk) < r otherwise. 
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Proof. By Lemma 14.121 we only need to prove the first claim. The proof is similar 
to that of Lemma |5.2[ Let kci < ■ ■ ■ < kci be all critical values of vCfcn ^ ^ Pi and 
ini Ckr = kci, k = 1,2, ■ ■ ■ . As in the proof of Lemma 15.21 we have a large regular 
value b of Ckr such that ranki7r((/^fcr)fe; IK.) > 0. Take the regular values of Ckr, 
ao < ai < • • • < ai = b such that kci £ (aj_i,ai), i = 1, ■ ■ ■ ,1. Noting (j7.ip . by 
Theorem 2.1 of [Wa] or the proof of Lemma 4 of |GM21 pp. 502], we get 

HriiCkT)ai,{^kT)a^.i;^) = ^ Cr{CkT, Skr ' ■ 



Since each critical point has finite Morse index, ()4.67p implies that each critical group 
Cr{CkT-, Skr ■ 7j;IK) has finite rank. Almost repeating the proof of Lemma 15.21 we 
get some S^r • 7j in K.O{CkT,C(^) such that vankCr{CkT, Sj^t • > and thus 

ranka(£fc„5fe,-7|;]K) /O. □ 

Corresponding to Corollary 15.41 we have 

Lemma 7.3 Under Assumption FT(a), for every integer q > n + 1 there exists a 
constant ko{q) > such that 

for every integer k > A;o(g) and Ok S KO{CkT, (y^)- Here kQ{q) = 1 if m~{'^j) = for 
all 1 < j < p, and 



ko (q) = 1 + max 

otherwise. 



q + n 
rhr (7 



"i-r (7i) / 0, 1 < j <p 



Proof. Let = S^t ■ 7j • If 7j is constant, by the proof of Lemma 15.31 we have 

C,iCkr,Ok;K) = C,{Ckr,ij;K) = 
for any k > k{q,jj), where k{q,jj) = 1 if rh-{jj) = 0, and k{q,-fj) = -^^^ if 

Suppose that 7j is not a constant solution. If Cg(£fcT-, O^; K) 7^ 0, Lemma 14.121 
yields 

m~^^{Sur • 7i ) < - 1 < m-^riSkr ■ 7') + mliSkr ■ 7i )• (7.2) 
By (j4.53p this becomes 

m^,(7^) <q-l< m,^(7^) + mU^^) - 1. (7.3) 

If m^(7j) > 0, it follows from fr3|) and jS^l) that 

km~{'yj) - n< m'j^^{jj) < q-1 



and therefore k < V'-l \ ■ This contradicts to A; > ko(q). If rhri^yj) = 0, by (|3.2 
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It follows that 

Since q > n + 1, (j7.2|) implies that m^^{SkT • Ij) + T^^^kr^SkT ■ 7j ) > n. This also gives 
a contradiction. Lemma 17.31 is proved. □ 

Clearly, Lemma 17.21 and Lemma 17.31 implv Theorem 1 1.1 T il in the case r > n + 1. 
In the following we consider the case r = n. 

Under Assumption FT{a) we apply Lemma 17.21 to all k G {2"^ | m £ {0} U N} 
to get an infinite subsequence Q of {2"^ | m G {0} U N}, some / G N and an 7 G 
{71, • • • , 7p} such that C„(£fc/r, Smt ■ 7^"'; IK) / 0, m~i^{Skir ■ 1^^) = m~^{SiT ■ 7O and 
m^i^{SkiT ■ 7*^0 = ''^^t^^It ' ^0 fo'^ any k £ Q. As before we always assume / = 1 in 
the following. Then we have 

Cn {Ckr , • ; K) / and 

m^riSkr • 7') = m-{Sr ■ 7), ^0^(5,,, • 7*^) = ^0(5, • 7) 

for any k & Q. By Lemma [7^ there exists ko > such that for any 7 G {71, • • • , 7p}, 

C7„+i(£fc,,5fc,-7^IC) = VA;gQ(A:o):={A:gQ|A;>A;o}. (7.5) 

Denote by O = 5r • 7, and by c = vCr(7) = C,t{0). Under Assumption FT(a), 
as in §5.1 let us take > sufficiently small so that for each A; G N the interval 
[k{c — 2>v), k(c + Su)] contains an unique critical value kc of Ckr on HkT-{a^), i.e. 

CkrilCOiCkr, a^))n[k{c - 3i/), k{c + 3i/)] = {kc}. 

For any A; G Q, by Theorem 14.111 we may choose a topological GromoU- Meyer pair 
of Z:^ at O C Hria), {W{0),W{0)-) satisfying 

{W{0), W{0)-) C {{CrrHic -2i^,c + 2u]), {Cr)-\c - 2v)) , (7.6) 

and a topological Gromoll-Meyer pair of Ckr at ip^{0) C Hkrio.^), 

(Ty(V^'=(0)),i?(V^'=(0))-) 

such that 

{iP''{W{0)),i^''{W{0)-)) C {W(i;''{0)),W{'ip''{0))-) and (7.7) 
(T?(V'=(0)),T?(V'=(0))-) C 

((£fcr)"^([^c - 2ki^, kc + 2ki^]), {Ckr)~^{kc - 2ku)) (7.8) 

and that the iteration map ip^ : H-r{a) — > Hk^{a^) induces an isomorphism: 

il;^ : C,{£r,0;K) := H,{W{0),W{0)- ■,K) 
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Identifying ip{0) = O, for j = 1, k, denote by the inclusions 

hi : {W{i;^{0)),W{i^^{0)r) ^ ((/:,.),(c+2.), (/:,r),(c-2.)), 

hi '■ {{^jr)j{c^2v)A^jr)j(c~2v)) ^ {i^jT)j{c+2v)A^jr)°j(^c~v))'> 
hi : {{Cjr)j{^c+2v)A^jT)]{c~v)) ^ (^JV' (^jv)j(c_i.))- 

As in §5.1 we have monomorphisms on homology modules, 

(h^2 o hi), : i7,(T?(V'^'(0)), K) ^ F4(£,,),-(,+2.), (A^^ 

Moreover, the inclusions 
I, : (t?(V^^(0)),ty(V'^(0)r) ^ {(C,^)-\[jc-2ju,jc + 2ju]),{C,^r\jc-2ju)), 

3 J : {{Cjr)-\[jc - 2jiy,jc + 2ju]), {C,rr\jc - 2ju)) ^ {H^r, {CjrTjc-ju) 

satisfy 

Jjol, = h^3 0^°hi, j = l,k. (7.9) 

By (|7.7p . we have also 

o Ii = Ifc o (7.10) 

as maps from {W{0),WiO)-) to {{CkTy^i[kc-2ki^,kc + 2ku]),{CkTy^{kc-2ku)) . 
These yield the following corresponding result with Proposition 15.51 

Proposition 7.4 Under Assumption FT [a), there exist a t -periodic solution 7 of 
\l.b]) representing a, a large integer k^ > 0, an infinite integer set Q containing 1, 
and a small e > having properties: For the orbit O = Sr ■ J and any k G Qiko) := 
{k ^ Q\k > ko} there exist topological Gromoll-Meyer pairs {W{0),W{0)~) and 
{W{'ilj''{0)),W{'ip''{0))-) satisfying (T§-(T^ such that for the inclusion 

hr = hi o h^ h^ : {Wi^p\0)), Wiij^iO))-) - {Hkria'^), (A.)°,(,_,)) 

the following diagram holds: 

(M* H^{Hkr{a''),{£krr^,^,y,K) ^Hk, (7.11) 

where c = Cr{'y), is an isomorphism, and (jkr)* is a monomorphism among the 
singular homology modules. In particular, if uj is a generator of CniCr,0;M.) = 
Hn{W{0),W{0)~;K), then 

(jfer)*o(V^'=),(a;)/0 inWfc, (7.12) 

Ukr)* O ilp'')*iid) = (J A:)* O (Ifc)* O {7p'')^{uj) 

= {3k)*oii^'')*o{IiULo) inHk. (7.13) 



Now we can slightly modify the arguments from Proposition [5]6] to Proposition 
to complete the proof of (i). The only place which should be noted is that for iIj^{0) 
in (j7.1ip Lemma 14.131 implies each point y G 'ijj^{0) to be a non-minimum saddle 
point of Ckr on HkT{a^) in the case dimM = n > 1. 

7.2. Proof of (ii) can be completed by the similar arguments as in §5.2. 
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8 Questions and remarks 



For a C^-smooth compact n-dimensional manifold M without boundary, and a C^- 
smooth map H ■.M.x T*M M satisfying the conditions (H1)-(H5), we have shown in 
1°) of Theorem 1 1 . 1 2 1 that the Poincare map has infinitely many distinct periodic 
points sitting in the zero section Ot*m of T*M. Notice that the condition (H5) 
can be expressed as: H(t,x) = H{—t,TQ{x)) y(t,x) G M x M, where tq : T*M 
T*M, {q,p) 1-^ (q, —p), is the standard anti-symplectic involution. So it is natural to 
consider the following question: Let (P, to, r) be a real symplectic manifold with 
an anti-symplectic involution r on {P,uj), i.e. t*lo = —uj and = idp. A smooth 
time dependent Hamiltonian function : M x P ^ M, (t, x) i-^ H{t,x) = Ht{x) is 
said to be l-periodic in time and symmetric if it satisfies 

Ht{x) = Ht+i{x) and x) = r(x)) V(t, x) € M x P. 

In this case, the Hamiltonian vector fields satisfies X/f^^-^(x) = XHt{x) = 

~dT{T{x))XH_,{T{x)) for all (t,x) G M x P. If the global flow of 

x{t) = XHMt)) (8.1) 

exists, denoted by then it is obvious that 

^r^^ = $f o ^rf Vt G M, ^-f or = ro(^'f)-i. 

So each r- invariant A;-periodic point xq, i.e. t(xo) = xq, of = ^'{^ with /c G N 
yields a A:-periodic contractible solution x{t) = ^^{xq) of (jS.ip satisfying x{—t) = 
r(x(t)) for all t G M. Such a solution is called r-reversible. By [Vil, p. 4] the flxed 
point set L := Fix(r) of r is either empty or a Lagrange submanifold. It is natural 
to ask the following more general version of the Conley conjecture. 

Question 8.1 Suppose that L is nonempty and compact, and that (P, w) satisfies 
some good condition (e.x. geometrically bounded for some J G MJ'(P, := {J G 
J{P,uj) \ J o dr = —dr o J} and Riemannian metric /i on P). Has the system (18. ip 
infinitely many distinct r-reversible contractible periodic solutions of integer periods? 
Furthermore, if the flow \I'^ exists globally, has the Poincare map = inflnitely 
many distinct periodic points sitting in L? 

Let Vo{H,t) denote the set of all contractible r-reversible l-periodic solutions of 
()8.ip . Since the Conley conjecture came from the Arnold conjecture. Question 18.11 
naturally suggests the following more general versions of the Arnold conjectures. 

Question 8.2 Under the assumptions of Question 18. H ^Vq{H,t) > Cuplengthp(L) 
for F = Z, Z2? Moreover, if some nondegenerate assumptions for elements of Vo{H, r) 
are satisfied, ]\Vo{H,t) > Ylt=o^ ^k{L,'i^)'? 
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This question is closely related to the Arnold-Givental conjecture, cf. [Lulj. In 
order to study it we try to construct a real Floer homology FH^:{P,uj,t, H) with 
'Pq{H,t) under some nondegenerate assumptions for elements of T'o{H,t), which is 
expected to be isomorphic to H^{M). Moreover, if L e C2(R/Z x TM) satisfies (Ll)- 
(L4) and the functional £(7) = Jq L{t,j{t),'j{t))dt on EHi has only nondegenerate 
critical points, then one can, as in [AbScl §2.2], construct a Morse complex CM^,{C) 
whose homology is isomorphic to H^{M) as well. As in ]V\2>\ ISaWe} lAbSc] . it is also 
natural to construct an isomorphism between HF^,{T*M, Wcam ^"O) H) and H{CM^,{C)) 
and to study different product operations in them. 

The author believes that the techniques developed in this paper are useful for 
one to generalize the results of multiple periodic solutions of some Lagrangian and 
Hamiltonian systems on the Euclidean space to manifolds. 



9 Appendix 

A.l. Proof of Proposition A. The first claim is a direct consequence of the 
following (j9.4p . As to the second, since for each t G M the functions Lt = L{t,-) 
and Ht = H{t,-) are Fenchel transformations of each other, we only need to prove 
that (H2)-(H3) can be satisfied under the assumptions (L2)-(L3). For conveniences 
we omit the time variable t. In any local coordinates (gi, • • • , Qn), we write {q, v) = 
■ ■ ■ ,Qn,vi,-" ) Vn)- By definition of H we have 

H{q, g^iq, v)) = -L(g, v) +Y, g^il, v)v, . (9.1) 

Differentiating both sides with respect to the variable Vi we get 

E"" dH , dL . d'^L d'^L 
j—i J J j—i J 

92 L 



Since the matrix 



dvidv. 



is invertible, it follows that 
dH , dL 



Let p = ^{q,v). Differentiating both sides of (|9.ip with respect to the variable qi 
and using (|9.2p we obtain 

" d'^L dL 

^ ' dqidvj dqi 

dH, dL, ^dH, dL, d'^L , , 

dH , dL, ^ d'^L , . 
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and hence 



Differentiating both sides of (j9.2p with respect to the variable Vi yields 



dH , dL . dL 



(9.3) 



^ dpjdpk ' dvkdu 



Sij , i.e. 



Idpidpj 



-dvidvj 



(9.4) 



Differentiating both sides of (|9.2p with respect to the variable g,, and both sides of 
(|9.3p with respect to the variable qj respectively, we arrive at 



d'^H , dL, A d'^H , dL, d'^L , , 



dpjdqi dv 



k=l 
n 



dvkdqi 



d'^H , dL, ^ d'^H , dL, d'^L , , 



dqidq 



" ~ k=l 

or their equivalent expressions of matrixes, 



dv 



dvkdqj 



0, 



d^L 
dqidqj 



d^H , dL, 

9' ^(9'-)) 



dpidqj 
d^H 



dqidq j dv 
It follows from these that 

d^L 



+ 



+ 



d'^H , dL, 



Vdpidpj 
d'^H , dL 



-dpidqj dv 



d^L 

Vdvidqj 
t r d^L 
-dvidqj 



0, 



d^L 

I dqidq j 



dqidq j 
d^H 



{q,^{q,v)) 



dpidqj ' dv 
d^H dL 



' r d^H dL 1-1 
dpidpj dv ' . 



d^H dL 
-dpidqj ^ ^ dv ' 



dqidqj 



(9.5) 



Finally, differentiating both sides of (19. Sp with respect to the variable vj we get 



d^L 

dqidvj 
d^L 



y. d'^H dL . d'^L 
^ dqidpk ^ ' dv ' dvkdvj 



dqidvj 



r d^H , dL 



idqidpj ' 5w 
- d^H dL 
-dqidpj dv 



d^L 

-dvidvj 

d^H 



dL 



-dpidpj ' dv 



(9.6) 



Here the final equality is due to (|9.4p . Since p = ^{q,v) and u = ^{q,p), the 
desired conclusions will follow from (|9.4p - ()9.6p . Indeed, by (|9.4p it is easily seen that 
(L2) is equivalent to 
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(H2') J!|-(t,g,p)n,n, <i|u|2 Vu = (m, • • • , n„) € M". 

Moreover, the three inequahties in (L3) have respectively the fohowing equivalent 
versions in terms of matrix norms: 



dqidqj 
and 



{t,q,v) 



< C{l + \v\^), 



dqtdvj 



it,q,v) 



<Cil + \v\ 



dvidvj 



{t,q,v) 



< C. 



Then (L3) is equivalent to the following 



(H3') 



dpidpj 
2 



-1 r 



dqidpj 



dpidqj 



< C 1 + 



it,Q,p) 



dqidqj 



it,q,p) 



dH 



and 



dpidp. 



{t,Q,P) 



< c. 



Here ^{t,q,p) =\^^{t,q,p), - ■ ■ ,^{t,q,p)y and denotes the standard 
norm of matrix A G M"^", i.e. \A\ = (^^^^ X]"=i if ^ = K)- 

Note that \A\ = s\x'p\^r^\^^i\{Ax , x)k^\ for any symmetric matrix A G M"^", and 

1^1 

— sup|2,|_]^(Ax, x)ign if A is also positive definite, where (•,-)Rn is the standard 
inner product in M". As usual, for two symmetric positive matrixes A,B ^ M"^", 
by "A < B" we mean that {Ax,x)m." < {Bx,x)^n for any x S M". Then it is easily 
proved that 



-dpidpj 
This and (H2') yield 



1 



< C 



Idpidpj 



(9.7) 



it,Q,p) 



< -In- 

C 



-dpidpj 

Lemma A.l. For a matrix B £ M"^" and symmetric matrixes A,B £ 
suppose that there exist constants < c < C and a > such that 

(i) ^In<A< 

(ii) \BA-^\ < C{l + a), 

(iii) \B^A-^B -E\< C(l + a2). 
Then it holds that 



\B\<^{l + a) and |^| < + c) (1 + a^). 

Conversely, if (i) and h9.8\) are satisfied, then 

l^yl^^l < — (1 + a) and \B^A-^B-E\<(^— + Cj{l + a'^ 



'2C3 



(9.8) 



(9.9) 



58 



Proof. By (i), |^| < \ and < C. Hence 

\B\ = \BA-'^A\ < \BA-^\A\ < -(1 + a), 

c 

\E\ = \B^A~^B -E- B^A'^Bl < IB^A'^B - E\ + IB^A'^BI 



< C7(l + a^) + |S| < C(l + a^) + ^(1 + 



a 



<(C+^)(l + a^ 



(j9.8p is proved. The "conversely" part is easily proved as well. □ 

By this lemma we get immediately: 
Proposition A. 2. In any local coordinates ((/i,-- - ,<?■«); the conditions (L2)-(L3) 
are equivalent to the fact that there exist constants < Ci < C2, depending on the 
local coordinates, such that 



Clin < 

r d^H 



dqidpj 
r d^H 



r d^H 
dpidpj 

it,Q,p) 



{t,q,p) 



< C2ln-, 



dqidqj 



{t,q,p) 



< C2(l + 
<C2{1 



dH , 

dH , 2 



For each (t, q) G R/Z x M, since the function T*M ^ M, p 1— > II{t, q,p) is strictly 
convex, it has a unique minimal point p = p{t,q). In particular, DpH{t, q,p) = 0. 
Recall that the diffeomorphism £h in (|1.3p is the inverse of in (jl.5p . and that 
L{t,q,v) = {p{t, q,v),v) — H{t, q,p{t, q,v)), where p = p{t,q,v) is a unique point 
determined by the equality v = DpH{t, q,p). It follows that 

{it,q,pit,q)) £ M/Z x T*M\{t,q) £ R/Z x M} = x Otm) 

is a compact subset. So in any local coordinates {qi, - • • , Qn), there exists a constant 
C3 > 0, depending on the local coordinates, such that the expression of p = p{t, q) in 
the local coordinate • • • , qn), denoted by p = (pi, • • • ,Pn), satisfies 



IpI = \{Pir-- ,Pn)\ < C3. 



(9.10) 



By the mean value theorem we have < 6 = 6{t, q,p) < 1 such that 



dH 
dp 



it,q,p) 



dH 



it,Q,p) 



dp 

- d^H 

-dqidqj 



dH 
dp 



it,Q,p) 



[t,q,ep+{l-d)p) {p-pf 
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Since the first inequaHty in Proposition A. 2 imphes 



Cilul < 



dpidp 



-{t,q,p)u 



<C2\u\ Vu= (ui,--- EM", 



using (|9.10p and the inequahty a6 < | + Ve > we easily get 



CiIpI -C1C3 <Ci\p-p\< 



dH 

-Q^{t,q,p) < C2\p - p\ < C2\p\ + C2C3, 



These two inequalities and Proposition A. 2 lead to: In any local coordinates {qi, - • • , In) 
the conditions (L2)-(L3) are equivalent to the fact that there exist constants < c < 
C, depending on the local coordinates, such that 



Cin < 

r d'^H 



dqidp 



dpidpj 
t,q,p) 



it,q,p) 



< CI„ and 



<Cil + \p\), 



dqidqj 



< Cil + \p\- 



Proposition A is proved. □ 

A. 2. An inequality for C^-simplex in Riemannian-Hilbert manifolds. 

For every integer g > we denote by Aq the standard closed g-dimensional simplex 
in R'? with vertices eo = 0, ei, • • • , Cg, i.e. Aq = {0} and 



A. 



^>o 



tl + • • • + < 1} 



with q > 1. For 1 < i < q denote by -F* : Ag_i Ag the i-th face. Let e(s) = 
(s, - ■ ■ ,s) £ W with s £ [0, 1], e = e(l/(g + 1)), and L be the straight line passing 
through e(0) and e successively in M"?, i.e. L = {se\s £ M}. Then we have an 
orthogonal subspace decomposition 

Ri = Vg^i X L, 

and each w G Ag may be uniquely written as w = {v, sq) G [Vg-i x L] n Ag. Denote 
by l{v) the intersection segment of Ag with the straight line passing through w and 
parallel to L, i.e. l{v) = {w + se £ Ag | s G M} = {{v,s) | si < s < S2} for some 
si < So and S2 > sq. Clearly, each l{v) has length no more than y^/2. 

Let {A4, {,)) be a Riemannian-Hilbert manifold and || • || be the induced Finsler 
metric. For cp £ C(Ag, A^) and each w = {v, sq) £ [Vg-i x L] n Ag we define 



[v,s) 



If G C^(Ag, i.e. (f) can be extended into a C^-map from some open neighbor- 



hood of Ag in 



to M. , then there exists a constant c = c{(j)) > such that 



d_ 
ds 



iv,s) 



<c{<j)), y{v,s)£Ag. 
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So for any {v,s) € Aq we get 



l{v) 



^Ms) ^ds < c((A)Length(/(i;)) < ^c((/<). 
as 2 



(9.11) 



Now consider the case Ai = E^- = W^''^{Sr, M) with the Riemannian metric given by 
(|1.13p . Using the local coordinate chart in (13. Sp it is easy to prove 

Lemma A. 3. For each t & Sr the evaluation map 

EVt : W^'^iSr, M) ^M, -f^ -f{t) 
is continuous and maps W^''^-curves in Ej- to W^''^-curves in M. 

Proof. We only need to prove the case M = R". Let [a, 6] —>■ 7(5) be a W^'"^- 
curve in W^''^{Sr,M.'^)- Then := ^7(s) is a IF^'^-vector field along 7(5). Since 
T^(s)W^''^{Sr,R'') = VFi'2(S^,IR"), e(s) G VFi'2(S^,E") and 



lim 



7(s + e) -7(5) 



as) 



0. 



Carefully checking the proof of Proposition 1.2.1(ii) in [Kl\ pp. 9] one easily derives 
M\c" < Vr? G (9.12) 

Hence we get 



lim 



7(s + e)(t)-7(s)(t) 



e(s)(t) 







uniformly in t. This means that [a, b] M, s — > EVt(7(s)), is differentiable and 



ds 



EVt(7(s)) = Cis){t) at each s £ [a,b]. 



(9.13) 



Fix a e > such that 

7(s + e) - 7(s) 



e(s) 



< 



1 + r 



By ([gT2D we get 



lis + e){t) - j{s){t) 



asm 



< 1 G 



It follows that for any s £ [a,b], 



lis + em - jis){t) 



asm 



+ 



lis+em-iism 



< 2 

< 2 



i + :^ll7(^ + e)(t)-7(s)(t)||^. 



1 + 



6" 

1 + T 

re2 



||7(s + e) -7(8)11^1,2(5^ _ig„) 
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Here the final inequality is due to (|9.12p . Hence J^^ \\(,{s){t)\\^n ds < +00, and thus 
fl^ ||^EVt(7(s))||^„ ds < +00 because of ^J3^). □ 

For a singular simplex a from to E.,- and every w = (v, sq) G Aq, define curves 

al : l{v) -^M,s^ EVt(5„(s)) = a^{s){t) (9.14) 

for each t Sr- The curve is called the initial point curve. Suppose that 
a £ C^{Aq, Er). Then G C^{l{v), Er), and by (|9.1ip there exists a positive 
constant c{a) such that 

2 



l{v) 



ds < ^c{a) 
- 2 ^ ' 



(9.15) 



W^''^{a^{s)*TM) 

for any {v,s) G A^, where ^a^{s) G T^^(s)Er = W^^^{a^{sYTM). Specially, by 
Lemma A. 3 we get each 5* G W^''^ {l{v) , M) for any t. As in the proof of Proposition 
1.2.1(ii) in [Kit pp. 9] one can easily derive that 



/l + r 



.2(7*TAf) 

for any 7 G VF^'^(5^,M) and ^ G W^'\-i*TM). Applying to 7 = o^{s) and ^ 



4a„(s) we get 



< 



1 + r 



CO(av(s)'TM) 



Wl.2(5„(s)*TM) 



(9.16) 



Moreover, it follows from ([9TT3|) and (f9Ti]) that 



(is 



ds ds 

for all s G [a, 6] and t G S'r. Hence for any t £ Sr, we can derive from (19.160 that 
2 



^C7,(S) ) (t) 



t.(s){t) 



< 



max 

t€Sr 



d 



a,is) (t) 



M 



l<T^(s){t) 



M , 



< 



ds 

1+T 



fT^,(s) 



C0(5„{s)*TAf) 
^2 



VKi'2(5„(s)*rM) 



This and ()9.15p together give the following generalization of |Lo2l Lem. 2.3]. 
Lemma A. 4. If cr £ C^{Ag, Er), for every w = (f,so) G Aq, it holds that 



liv) 



ds 



(l + rVg 
ds < — c{a). 
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